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Talk Outline

❖ The Laser Interferometer Space Antenna (LISA)

❖ Pulsar-timing detection of gravitational waves

❖ Sources for LISA and pulsar timing arrays (PTAs)

❖ Tests of gravitational physics with LISA observations

❖ Cosmography with LISA observations

❖ Fundamental physics with PTA observations



The Laser Interferometer Space Antenna
❖ Long history. Original design (1998)
- Gravitational wave detector 

operating in millihertz band.
- Three satellites, 5 million km 

apart, in heliocentric, Earth-
trailing orbit. 6 laser links.

- Joint NASA/ESA project.
- Technology demonstrator 

mission, LISA Pathfinder, 
approved. Launched 2015.

❖ NASA dropped out in 2011. New 
ESA-only mission eventually 
selected for L3 (2034).



LISA Status
❖ LISA now reinvigorated and timetable 

accelerated
- LISA Pathfinder spectacularly 

demonstrated the technology.
- Detection of GW150914+ renewed 

interest in gravitational waves.
- mission now in phase A, adoption 

in 2022-2024;
- mission launch: 2034.

❖ Mid-decadal review expressed strong 
support for NASA re-involvement, at 
probe-class level (~$400m).

❖ Design: 2.5Gm arms, 6-link geometry.



Pulsar timing
❖ Pulsars are rapidly rotating Neutron 

Stars. Observations indicate great 
homogeneity in pulse profile, and little 
variation in frequency.

❖ Pulsars are very accurate clocks. 

Plots from I H Stairs (2003)



Pulsar timing arrays
❖ GW passing between source and 

observer induces periodic change in 
pulse time of arrival.

❖ Use a network (array) of pulsars to 
increase signal to noise.



Pulsar timing arrays
❖ There are three major pulsar timing 

efforts

- EPTA - the European Pulsar Timing 
Array. Data collected from six 
telescopes in UK, Netherlands, 
France, Germany and Italy.
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Pulsar timing arrays
❖ There are three major pulsar timing 

efforts

- EPTA - the European Pulsar Timing 
Array. Data collected from six 
telescopes in UK, Netherlands, 
France, Germany and Italy.

- NANOGrav - US/Canada PTA. 
Data collected using Arecibo and 
the Green Bank Telescope.

- PPTA - the Parkes Pulsar Timing 
Array. Australian collaboration.

❖ The three PTAs combine data as the 
International Pulsar Timing Array 
(IPTA).



Detector sensitivities

http://gwplotter.com



Gravitational wave sources for LISA



❖ Expected to occur following mergers of the host galaxies. LISA can observe 
gravitational waves from these with very high signal-to-noise ratio.

LISA sources: massive black hole mergers
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❖ Expected to occur following mergers of the host galaxies. LISA can observe 
gravitational waves from these with very high signal-to-noise ratio.

❖ Expected event rate depends on assumptions about black hole population 
(Klein+, 2016)
- Light pop-III seed model: baseline configuration expected to see ~350 

events.
- Heavy seed model, no delay in binary formation: ~550 events.
- Heavy seed model, with delays: ~50 events.

❖ Baseline configuration would see 150/300/4 events at z > 7 under the 
different models.

LISA sources: massive black hole mergers



LISA sources: extreme-mass-ratio inspirals

❖ The inspiral of a 
compact object into a 
massive black hole in 
the centre of a galaxy.

❖ Form as a result of 
scattering in dense 
galacto-centric stellar 
clusters.

❖ Orbits are expected to 
be both eccentric and 
inclined - rich 
waveform structure.



❖ There are large astrophysical uncertainties, but expect to see between a few 
tens and a few hundreds of events.

LISA sources: extreme-mass-ratio inspirals
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Mass MBH Cusp M–� CO EMRI rate [yr�1]
Model function spin erosion relation Np mass [M�] Total Detected (AKK) Detected (AKS)

M1 Barausse12 a98 yes Gultekin09 10 10 1600 294 189

M2 Barausse12 a98 yes KormendyHo13 10 10 1400 220 146

M3 Barausse12 a98 yes GrahamScott13 10 10 2770 809 440

M4 Barausse12 a98 yes Gultekin09 10 30 520 (620) 260 221

M5 Gair10 a98 no Gultekin09 10 10 140 47 15

M6 Barausse12 a98 no Gultekin09 10 10 2080 479 261

M7 Barausse12 a98 yes Gultekin09 0 10 15800 2712 1765

M8 Barausse12 a98 yes Gultekin09 100 10 180 35 24

M9 Barausse12 aflat yes Gultekin09 10 10 1530 217 177

M10 Barausse12 a0 yes Gultekin09 10 10 1520 188 188

M11 Gair10 a0 no Gultekin09 100 10 13 1 1

M12 Barausse12 a98 no Gultekin09 0 10 20000 4219 2279

TABLE I. List of EMRI models considered in this work. Column 1 defines the label of each model. For each model we specify
the MBH mass function (column 2), the MBH spin model (column 3), whether we consider the e↵ect of cusp erosion following
MBH binary mergers (column 4), the M–� relation (column 5), the ratio of plunges to EMRIs (column 6), the mass of the
COs (column 7); the total number of EMRIs occurring in a year up to z = 4.5 (column 8; for model M4 we also show the total
rate per year up to z = 6.5); the detected EMRI rate per year, with AKK (column 9) and AKS (column 10) waveforms. The
AKK and AKS waveforms are introduced in Section IV, and bracket waveform modelling uncertainties.

of 2).2 Even smaller is the e↵ect of spin, a↵ecting EMRI
rates at the 10% level; there are more EMRIs when spins
are higher as the LSO is smaller (and so it is more di�-
cult to directly plunge [90]), but this only a↵ects a small
portion of orbits. However, we will see that spins will
play a more important role in the detectability of these
events by LISA. Changing the M–� relation, which sets
the relation between the MBH and its surrounding popu-
lation of COs, can introduce a variation of about a factor
of 2. More significant are the mass of the COs and the
number of plunges, as both of these directly impact the
mass accreted by the MBH and so the necessary duty
factor to preserve the population of MBHs. An increase
in either m or Np by a factor of X reduces the EMRI rate
by a similar factor. Since we are more uncertain of the
number of plunges, this has a greater potential impact on
the expected rate, here changing it by almost two orders
of magnitude. A drop of about one order of magnitude
is achieved by switching to the pessimistic MBH mass
distribution, as the reduction in the number of MBHs
naturally decreases the number of EMRIs.

For each of the 12 models outlined above we generate
10 Monte-Carlo realizations of the expected population
of EMRIs plunging in 1 year. We therefore construct
a library of 120 catalogs that includes all EMRI events
occurring in the Universe in 10 years for the 12 models.

2 This could be up to a factor of 4 if kick velocities of few hundred
km s�1 are considered in the computation of the cusp regrowth
timescale (cf. Eq. 9).

IV. WAVEFORMS, SIGNAL ANALYSIS AND
PARAMETER ESTIMATION

Having generated astrophysical populations of EMRI
systems, we need to determine which of the systems will
be observed by LISA. To do this, we need a model of
the GW emission from an EMRI system. Accurate grav-
itational waveforms from EMRIs can be computed using
BH perturbation theory, exploiting the large di↵erence
in masses of the two objects to regard the smaller as a
perturbation of the spacetime of the larger and construct
an expansion in the mass ratio (see [101] for a review).
Perturbative calculations have not yet been completed
to the order necessary to accurately track the phase of
an EMRI over an entire inspiral, and these calculations
are extremely computationally expensive. Two approxi-
mate EMRI models have therefore been developed, which
capture the main features of EMRI waveforms at much
lower computational cost and can therefore be used to
explore questions connected to the detection and scien-
tific exploitation of EMRI observations. Of the two mod-
els, the numerical kludge [102, 103] is the more accurate
and is based on modelling the trajectory of the smaller
object as a geodesic of the Kerr background, with inspi-
ral imposed on the system. With further enhancements,
the numerical-kludge model may be accurate enough for
use in LISA data analysis. However, it is still relatively
computationally expensive. The analytic kludge (AK)
model [51] is computationally cheaper, at the cost of less
faithfulness to real EMRI signals. The AK model ap-
proximates gravitational wave emission by that from a
Keplerian orbit [104], with precession of the orbital per-
ihelion, precession of the orbital plane, and inspiral of
the orbit added using post-Newtonian prescriptions. The



Stellar-origin black hole binaries
❖ GW150914 would have been 

observable by LISA ~5 years 
before being observed by 
LIGO, with S/N~10 in a 5yr 
observation.   (Sesana 2016)

❖ LISA provides sky location to 
~0.few square degrees and 
time of coalescence to ~few s.

❖ Number of events could be 
high (several hundred) but 
there are significant 
uncertainties.
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FIG. 1: The multi-band GW astronomy concept. The violet
lines are the total sensitivity curves (assuming two Michelson)
of three eLISA configurations; from top to bottom N2A1,
N2A2, N2A5 (from [15]). The orange lines are the current
(dashed) and design (solid) aLIGO sensitivity curves. The
lines in di↵erent blue flavours represent characteristic ampli-
tude tracks of BHB sources for a realization of the flat popu-
lation model (see main text) seen with S/N> 1 in the N2A2
configuration (highlighted as the thick eLISA middle curve),
integrated assuming a five year mission lifetime. The light
turquoise lines clustering around 0.01Hz are sources seen in
eLISA with S/N< 5 (for clarity, we down-sampled them by a
factor of 20 and we removed sources extending to the aLIGO
band); the light and dark blue curves crossing to the aLIGO
band are sources with S/N> 5 and S/N> 8 respectively in
eLISA; the dark blue marks in the upper left corner are other
sources with S/N> 8 in eLISA but not crossing to the aLIGO
band within the mission lifetime. For comparison, the char-
acteristic amplitude track completed by GW150914 is shown
as a black solid line, and the chart at the top of the figure
indicates the frequency progression of this particular source
in the last 10 years before coalescence. The shaded area at
the bottom left marks the expected confusion noise level pro-
duced by the same population model (median, 68% and 95%
intervals are shown). The waveforms shown are second order
post-Newtonian inspirals phenomenologically adjusted with a
Lorentzian function to describe the ringdown.

Equation (3) is valid for circular binaries, which is our
working hypothesis. This is certainly a good approxima-
tion for systems formed through stellar evolution, that
are expected to inherit their stellar progenitor circular
orbits. Extrapolating results shown in figure 10 of [17]
at low frequency, we find that also dynamically formed
BHBs have typical e . 0.01 in the relevant eLISA band,
making our S/N and source number computations robust
against the assumed BHB formation channel.

For both the flat and salp models, probability distri-
butions of the intrinsic rate R are given in [3] (see their
figure 5). We make 200 Monte Carlo draws from each of
those, use equation (2) to numerically construct the cos-

mological distribution of emitting sources as a function of
mass redshift and frequency, and make a further Monte
Carlo draw from the latter. For each BHB mass model,
the process yields 200 di↵erent realizations of the instan-
taneous BHB population emitting GWs in the Universe.
We limit our investigation to 0 < z < 2 and fr > 10�4Hz,
su�cient to cover all the relevant sources emitting in the
eLISA and aLIGO bands.
Signal-to-noise ratio computation. An in-depth study

of possible eLISA baselines in under investigation [15, 18,
19], and the novel piece of information we provide here
might prove critical in the selection of the final design.
Therefore, following [15], we consider six baselines fea-
turing one two or five million km arm-length (A1, A2,
A5) and two possible low frequency noises – namely the
LISA Pathfinder goal (N1) and the original LISA require-
ment (N2). We assume a two Michelson (six laser links)
configuration, commenting on the e↵ect of dropping one
arm (going to four links) on the results. We assume a
five year mission duration.
In the detector frame, each source is characterized

by its redshifted quantities M = Mr(1 + z) and f =
fr/(1 + z). During the five years of eLISA observations,
the binary emits GWs shifting upwards in frequency from
an initial value fi, to an ff that can be computed by in-
tegrating equation (3) for a time tr = 5yr/(1 + z). The
sky and polarization averaged S/N in the eLISA detector
is then computed as

(S/N)2 = 2

Z ff

fi

h
2
c(f)

fhS(f)idlnf, (4)

where the factor 2 accounts for the fact that we have
two Michelson interferometers (i.e. we consider six laser
links). hc is the characteristic strain of the source given
by

hc =
1

⇡D

✓
2G

c3

dE

df

◆1/2

, (5)

whereD is the comoving source distance, and the emitted
energy per unit frequency is

dE

df
=

⇡

3G

(GM)5/3

1 + z
(⇡f)�1/3

. (6)

In equation (4), hS(f)i is the eLISA instrumental noise,
averaged over the source sky location and wave polar-
ization, and it is estimated by using the analytical form
given in [15] for each configuration. Note that at the
high frequencies relevant for the sources crossing to the
aLIGO band, the real eLISA sensitivity is not well cap-
tured by the analytical fitting functions. However, this
does not appreciably a↵ect S/N computations, and is not
expected to significantly alter detector performances (Pe-
titeau et al. in preparation). For parameter estimation,
we adopt a modification of the Fisher Matrix code of
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FIG. 8. The cumulative (right to left) distribution of observed trig-
gers in the GstLAL analysis as a function of the log likelihood. The
best fit signal + noise distribution, and the contributions from signal
and noise are also shown. The shaded regions show 1s uncertain-
ties. The observations are in good agreement with the model. At
low likelihood, the distribution matches the noise model, while at
high likelihood it follows the signal model. Three triggers are clearly
identified as being more likely to be signal than noise. GW150914
stands somewhat above the expected distribution, as it is an unusu-
ally significant event – only 6% of the astrophysical distribution of
sources appearing in our search with a false rate of less than one per
century will be more significant than GW150914.

than was achieved in [42], due to the longer duration of data
containing a larger number of detected signals.

To do so, we consider two classes of triggers: those whose
origin is astrophysical and those whose origin is terrestrial.
Terrestrial triggers are the result of either instrumental or en-
vironmental effects in the detector, and their distribution is
calculated from the search background estimated by the anal-
yses (as shown in Fig. 3). The distribution of astrophysical
events is determined by performing large-scale simulations of
signals drawn from astrophysical populations and added to the
data set. We then use our observations to fit for the number of
triggers of terrestrial and astrophysical origin, as discussed in
detail in Appendix C. Figure 8 shows the inferred distributions
of signal and noise triggers, as well as the combined distribu-
tion. The observations are in good agreement with the model.

It is clear from the figure that three triggers are more likely
to be signal (i.e. astrophysical) than noise (terrestrial). We
evaluate this probability and find that, for GW150914 and
GW151226, the probability of astrophysical origin is unity
to within one part in 106. Meanwhile for LVT151012, it is
calculated to be 0.87 and 0.86, for the PyCBC and GstLAL
analyses respectively.

Given uncertainty in the formation channels of the various

Mass distribution R/(Gpc�3yr�1)

PyCBC GstLAL Combined
Event based

GW150914 3.2+8.3
�2.7 3.6+9.1

�3.0 3.4+8.6
�2.8

LVT151012 9.2+30.3
�8.5 9.2+31.4

�8.5 9.4+30.4
�8.7

GW151226 35+92
�29 37+94

�31 37+92
�31

All 53+100
�40 56+105

�42 55+99
�41

Astrophysical
Flat in log mass 31+43

�21 30+43
�21 30+43

�21
Power Law (�2.35) 100+136

�69 95+138
�67 99+138

�70

TABLE II. Rates of BBH mergers based on populations with masses
matching the observed events, and astrophysically motivated mass
distributions. Rates inferred from the PyCBC and GstLAL analyses
independently as well as combined rates are shown. The table shows
median values with 90% credible intervals.

BBH events, we calculate the inferred rates using a variety of
source population parametrizations. For a given population,
the rate is calculated as R = L/hV T i where L is the number
of triggers of astrophysical origin and hV T i is the population-
averaged sensitive space-time volume of the search. We use
two canonical distributions for BBH masses:

i a distribution uniform over the logarithm of component
masses, p(m1,m2) µ m1

�1m2
�1 and

ii assuming a power-law distribution in the primary mass,
p(m1) µ m�2.35

1 with a uniform distribution on the sec-
ond mass.

We require 5M�  m2  m1 and m1 +m2  100M�. The first
distribution probably overestimates the fraction of high-mass
black holes and therefore overestimates hV T i resulting in an
underestimate the true rate while the second probably over-
estimates the fraction of low-mass black holes and therefore
underestimating hV T i and overestimating the true rate. The
inferred rates for these two populations are shown in Table II
and the rate distributions are plotted in Figure 10.

In addition, we calculate rates based upon the inferred prop-
erties of the three significant events observed in the data:
GW150914, GW151226 and LVT151012 [140]. Since these
classes are distinct, the total event rate is the sum of the indi-
vidual rates: R ⌘ RGW150914 + RLVT151012 + RGW151226. Note
that the total rate estimate is dominated by GW151226, as it
is the least massive of the three likely signals and is therefore
observable over the smallest space-time volume. The results
for these population assumptions also are shown in Table II,
and in Figure 9. The inferred overall rate is shown in Fig. 10.
As expected, the population-based rate estimates bracket the
one obtained by using the masses of the observed black hole
binaries.

The inferred rates of BBH mergers are consistent with the
results obtained in [42, 141] following the observation of
GW150914. The median values of the rates have decreased
by approximately a factor of two, as we now have three likely



Other sources for LISA
❖ Compact binaries in the Milky Way
- Binaries of stellar remnants (white dwarfs or neutron stars) with orbital 

periods of ~1 hour.
- Known (verification) and unknown sources.
- Signals almost monochromatic.
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- LISA should determine 2D/3D location for 4500/1250 sources, measure 

df/dt for 3000 and d2f/dt2 for ~3.
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- Processes occurring at the TeV scale in the early Universe could generate 

a mHz stochastic gravitational wave background.
- Cosmic string networks could produce both individual burst events and 

a stochastic background.
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Figure 2: Example of GW spectra in Case 1, for fixed T⇤ = 100 GeV, ↵ = 0.5, vw = 0.95, and

varying �/H⇤: from left to right, �/H⇤ = 1 and �/H⇤ = 10 (top), �/H⇤ = 100 and �/H⇤ = 1000

(bottom). The black line denotes the total GW spectrum, the green line the contribution from

sound waves, the red line the contribution from MHD turbulence. The shaded areas represent the

regions detectable by the C1 (red), C2 (magenta), C3 (blue) and C4 (green) configurations.

dominate the GW spectrum, since the �/H⇤ enhancement of the amplitude that operates

for long-lasting sources is less relevant (c.f. Eqs. (13) and (7)). As �/H⇤ increases, the sound

wave contribution gains importance (provided that ↵1 is large enough). At su�ciently high

frequencies however the scalar field contribution always dominates because of its shallow

decay: p = 1 as opposed to p = 4 and p = 5/3, see Eqs. (8), (14) and (17).

It is apparent that the total GW spectrum arising from a first-order PT depends on the

interplay among the contributions of the di↵erent sources, which in turn are determined by

the specific dynamics of the PT. On the one hand this is encouraging, since it opens up

the possibility of investigating the dynamics of the PT. On the other hand, this is probably

feasible only in the most optimistic PT scenarios and for the best eLISA configurations. Note

that the highest GW signals are expected for runaway bubbles in vacuum (Case 3 above) for

which the GW spectrum has the simplest shape, being determined only by the scalar field

contribution.
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Gravitational wave sources for 
pulsar timing arrays



Sources for pulsar timing arrays
❖ Primary source for pulsar timing: 

pre-merger supermassive black 
hole binaries. Signal almost 
monochromatic.

❖ Expect to observe stochastic 
background. An stationary, 
isotropic, uncorrelated 
background produces a 
characteristic correlation 
signature 

hsa(t)⇤sb(t0)i = �abC(|t� t0|)



❖ No detection yet, but recent limits are starting to become astrophysically 
interesting.

Current PTA limits

NANOGrav 
11-year 
results

[Aggarwal et 
al. (2019)]

6 THE NANOGRAV COLLABORATION

Figure 1. Bayes factors for a GW signal from an individual circular SMBHB
as a function of GW frequency in the NANOGrav 11-year data set. We found
no strong evidence for GWs in our data. The highest Bayes factor was at
fgw = 109nHz, for which B10 = 15(6). For all other frequencies searched, the
Bayes factors were close to 1.

Figure 2. Fp-statistic (top panel) and the corresponding FAP (bottom panel)
for fgw = 2.8 - 317.8nHz. There were no frequencies for which the FAP was
below our detection threshold of 10-4; therefore, we concluded there was no
evidence for GWs.

ratio (S/N) of 1.2. Neither of these metrics support the claim
that the data show evidence of GWs. Furthermore, as we dis-
cuss in more detail in Sec. 4.3, we determined that most of the
evidence for this signal was in the residuals of a single pulsar,
J1713+0747, whereas a true GW signal this strong should be
seen in many pulsars.

4.2. Upper limit analyses
As we did not find strong evidence for GWs from individ-

ual circular SMBHBs in the 11-year data set, we placed upper
limits on the GW strain. Figure 3 shows the sky-averaged
95% upper limit on the GW strain amplitude. At the most
sensitive frequency of 8nHz, we placed a 95% upper limit
on the strain of approximately h0 < 7.3(3) ⇥ 10-15. We also
show the strain upper limits from the 5- and 9-year data sets
for comparison. There was an improvement of about a fac-
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Figure 3. Sky-averaged 95% upper limit on the GW strain amplitude as
a function of GW frequency from the NANOGrav 5-year data set (green),
9-year data set (orange), and 11-year data set (blue). These analyses used
BAYESEPHEM to parametrize uncertainty in the SSB. The data were most
sensitive at fgw = 8nHz, with a strain upper limit of approximately h0 <
1.51(7)⇥ 10-14 from the 9-year data set, and h0 < 7.3(3)⇥ 10-15 from the
11-year data set.

tor of two between the 5-year and 9-year data sets, and more
than a factor of two between the 9-year and 11-year data sets.
Our upper limit based on the 11-year data set was about 1.4
times lower than that of h0 < 10-14 set by the EPTA based
on observations of 6 pulsars observed for up to 17.7 years
(Babak et al. 2016; Desvignes et al. 2016). However, a direct
comparison between the EPTA results and the results in this
paper is complicated by the fact that the analysis in Babak
et al. (2016) varied both the white and red noise, whereas our
analysis varied only the red noise and fixed the white noise.
Our upper limit is also about a factor of 2 lower than that of
h0 < 1.7 ⇥ 10-14 set by the PPTA using their Data Release 1
(Zhu et al. 2014; Manchester et al. 2013)

We note that there is an increase in the strain upper limit
from the 9-year data set at around fgw = 15nHz; however,
there is not a significant Bayes factor at this frequency (B10 =
1.4(1)). Furthermore, this “bump” in the spectrum is not
present in the 11-year data set. If it were caused by a GW,
the significance should have increased in the 11-year data set.
As discussed in more detail in Sec. 4.3, this increase in the
strain upper limit is due to an unmodeled signal in a single
pulsar, PSR J0613-0200.

In Figure 4, we compare the sky-averaged strain upper lim-
its computed with and without BAYESEPHEM, which allows
for uncertainties in the SSE. Including BAYESEPHEM in our
model resulted in a lower strain upper limit for fgw < 4nHz,
but did not affect the strain upper limit at higher frequencies.
This was expected since BAYESEPHEM primarily augments
the orbit of Jupiter, which has an orbital period of 12 years.

Our sensitivity to individual sources varied significantly
with the angular position of the source due to having a fi-
nite number of pulsars distributed unevenly across the sky.
Figure 5 shows the 95% upper limit on the GW strain for
fgw = 8nHz as a function of sky position, plotted in equatorial
coordinates. The upper limit varies from h0 < 2.0(1) ⇥ 10-15

at the most sensitive sky location to h0 < 1.34(4) ⇥ 10-14 at
the least sensitive sky location.

4.3. “Dropout” analyses
Our searches of the NANOGrav 9-yr and 11-yr data sets

found two low-S/N signals. In order to identify their sources,
we introduced a new type of analysis that used “dropout” pa-



❖ No detection yet, but recent limits are starting to become astrophysically 
interesting.

Current PTA limits

NANOGrav 
9-year results
[Arzoumanian 
et al. (2015)]
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Table 2
Summary model parameters and prior ranges.

Parameter Description Prior Comments
White Noise

Ek EFAC per backend/receiver system uniform in [0,10] Only used in single pulsar analysis
Qk EQUAD per backend/receiver system uniform in logarithm [-8.5,-5] Only used in single pulsar analysis
Jk ECORR per backend/receiver system uniform in logarithm [-8.5,-5] Only used in single pulsar analysis
Red Noise

Ared Red noise power law amplitude uniform in [10-20,10-11] 1 parameter per pulsar
�red Red noise power law spectral index uniform in [0,7] 1 parameter per pulsar
GWB

Agw GWB power law amplitude uniform in [10-18,10-11] 1 parameter for PTA for power-law models
�gw GWB power law spectral index delta function Fixed to different values depending on analysis
⇢i GWB power spectrum coefficients at frequency i/T uniform in ⇢

1/2
i [10-18,10-8]a 1 parameter per frequency

A GWB broken power-law amplitude log-normalb for models A(B)
N (-14.4(-15),0.26(0.22)) 1 parameter for PTA for broken power law models

 GWB broken power-law low-frequency spectral index uniform in [0,7] 1 parameter for PTA for broken power law models
fbend GWB broken power-law bend frequency uniform in logarithm [-9,-7]c 1 parameter for PTA for broken power law models

a The prior uniform in ⇢
1/2
i is chosen to be consistent with a uniform prior in Agw for the power law model since 'i / A2

gw.

b These values are quoted in log base 10 and are obtained from MOP14 and S13.
c We choose different prior values on fbend when mapping to astrophysical model parameters as described in Section 5.
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Figure 2. Strain amplitude vs. GW frequency. The solid black and long
dashed black lines are the 95% upper limits from our spectral and power-law
analyses. The red, blue and green shaded regions are the one-sigma predic-
tions from the models of S13, RWS14, and MOP14. The green shaded region
uses the simulation results from MOP14, but replaces the fit to the GWB pre-
dictions used in that paper with the functional form given by Eq. (24).

than the recent EPTA upper limit of LTM15, and a factor of
5 more constraining than the 5 year data release upper limit
when applying the same Bayesian analysis. Furthermore, we
find a slightly less constraining upper limit when using the
free spectrum model (power-law equivalent upper limit of
2 ⇥ 10-15). This is to be expected since the free spectrum
model has many more degrees of freedom (we use 50 free
amplitudes for each of the 50 frequencies in this case) over
the power law parameterization (1 degree of freedom). Thus,
since the power law model can leverage extra information at
all frequencies, as opposed to the spectrum model where each
frequency is independent of the others, more constraining up-
per limits are expected from a power law model. We also find
that the upper limit on the strain spectrum from the spectrum
analysis is consistent with white noise (i.e., hwhite

c ( f )/ f 3/2) at

frequencies & 3/T , where T is the length of the longest set of
residuals in the data set, which indicates that our GWB upper
limits are coming from the three lowest frequency bins. This
behavior is to be expected since we have several well timed
pulsars that do not span the full 9-year baseline (see Table 1)
and thus will have peak sensitivity at frequencies greater than
1/T .

From inspection of Figure 2 we see that our 95% upper limit
is within at least the 2-sigma confidence region of all three as-
trophysical models and is sensitive to a potential turnover in
the spectrum due to environmental coupling factors. We wish
to determine the level of consistency between our data and
the power-law models displayed in Figure 2. To accomplish
this we follow the method applied in Shannon et al. (2013).
Given that we have a model M for the value of the GW ampli-
tude Agw whose probability distribution function is denoted
p(Agw|M) and that we have a probability distribution func-
tion for Agw given the data, denoted p(Agw|d), where d repre-
sents the data, the probability that we measure a value of Âgw
greater than that predicted by the model, AM

gw, is given by the
law of total probablility

P(Âgw > AM
gw) =

Z 1

-1
p(Agw|M)dAgw

Z 1

Agw

p(A0
gw|d)dA0

gw.

(21)
Therefore, low values of P(Âgw > AM

gw) indicate that the range
of Agw that is consistent with our data is inconsistent with
the model M, and vice versa. To carry out this procedure
the distribution p(Agw|d) is simply the marginalized poste-
rior distribution when using the uniform prior on Agw. We
use log-normal distributions to model the MOP14, S13, and
RWS14, models. Since the models of RWS14, and S13 pre-
dict nearly the same GWB amplitude distribution (assuming
a power-law only) we make no distinction between these two
models. Furthermore, the model distributions on Agw, given
by log-normal distributions have mean and standard devia-
tions of (-14.4,-15) and (0.26,0.22) for the MOP14 (here-
after model A) and S13/RWS14 (hereafter model B) mod-



Current PTA limits
• Astrophysical processes can diminish signal at low frequencies.

Environmental Coupling
• Stellar hardening 
• Gas-driven inspiral 
• Eccentricity Galaxy Population 

Uncertainties
• Merger timescale 
• SMBH - host relations 
• Pair fraction 
• Redshift evolution

Diminished GW Signal
• BSMBH stalling 
• GW absorption
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Fig. 10.— A conceptual view of how various uncertainties in the BSMBH population and the GWs we can
detect from them can influence the amplitude and shape of the GWB. The line gives the mean of the power-
law spectrum of Sesana (2013b), while the range shows the 68% range of power-law amplitude predictions
based on the variance in observational limits on SMBH host galaxy properties. See §5.2 for a discussion of
the e↵ects shown in this figure.

may be so e�cient that the binary is not purely
driven by GWs through the nHz-µHz band, hence
changing the expected form of the GW signal.
Figures 1 and 10 show how such “super-e�cient
evolution” could make the expected GWB deviate
from a simple power-law at low frequency (see also
Enoki & Nagashima 2007; Kocsis & Sesana 2011;
Sesana 2013a; McWilliams, Ostriker & Pretorius
2014; Ravi et al. 2014).

Recent e↵orts have broken down how uncertain-
ties in galaxy and BSMBH evolution e↵ect GW
signals (Ravi et al. 2015; Simon & Burke-Spolaor
2015; Shannon et al. 2015). A conceptual view of
the influence of various uncertainties is shown in
Figure 10. The below factors are noted approxi-
mately in the order of what have the most to least
amount of influence on GW signals (strength, rate
of occurrance, and form) in the PTA band:

• E↵ect of environment on BSMBH evo-
lution: As described above, we have basi-
cally no observational data on how BSMBHs
couple with their environment during their
evolution on scales of .10 pc. This is the
most significant wildcard in GW predictions,
although it is only expected to a↵ect the low-

est frequencies, f . 10�8 Hz.

• BSMBH stalling, as a counter to the pre-
vious point, is essentially caused by the
non-interaction of the BSMBH with its
environment, leading to an exceptionally
long time spent at separations ⇠ 0.1–10 pc.
Long stalling times can potentially cause a
large drop in the overall amplitude of the
GWB, directly lowering the total number
of BSMBHs contributing to the dN•/d(...)
term in Eq. 6.

• Eccentricity redistributes power to higher
harmonics in GW frequency and changes the
waveform of a CW. If eccentricity is com-
mon it would increase the complexity of CW
searches, although may raise the probability
of CW detection over that of GWB detection
(Taylor et al. 2015b; Huerta et al. 2015). It
may also raise the expected rate of bursts,
although that has not yet been investigated.
Unless all BSMBH systems are driven by en-
vironments to extreme orbits (e & 0.9), the
GWB strength will be diminished, but not
by much (Enoki & Nagashima 2007; Ravi
et al. 2014; Huerta et al. 2015).
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PTA: time to detection

❖ Based on current theoretical 
understanding and observational 
results, expect detection in 5 to 10 
years.

❖ Assumes existing pulsars 
continue to be observed and new 
pulsars are added.

❖ Hints will come earlier.
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Tests of gravitational physics with 
LISA Observations



Fundamental physics with LISA
❖ Gravitational wave observations probe a regime of strong-field, non-linear 

and dynamical gravity that is inaccessible to other probes.

❖ All GW sources and detectors can be used to constrain fundamental physics. 

❖ Space-based detectors are particularly good because
- High SNR events: SNR of hundreds for MBH mergers.
- Long duration signals: months to years in band; hundreds of thousands 

of cycles for typical EMRIs.
- Clean systems: main sources are black hole binaries.
- Rich dynamics: eccentricity and orbital inclination likely for EMRIs.

❖ Can test GW propagation, polarisation, energy loss, generic or specific 
deviations in alternative theories, constrain dark matter candidates etc.

GW Tests of GR  Yunes
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Probing the nature and structure of BHs
❖ GW emission from EMRIs encodes a map of the space-time structure outside 

the central massive black hole.



❖ GW emission from EMRIs encodes a map of the space-time structure outside the 
central massive black hole. Can characterize a vacuum, axisymmetric spacetime in GR 
by its multipole moments. For Kerr BHs, these satisfy the ‘no-hair’ theorem:

❖ Deviations from no-hair property can be indicative of violations of the Strong 
Equivalence Principle (implying violation of WEP or Local Lorentz Invariance or Local 
Positional Invariance). What are the observable consequences?

❖ Multipole moments are encoded in gravitational wave observables - precession 
frequencies & number of cycles spent near a given frequency (Ryan 95).

❖ Multipole moments enter at different orders in 

Probing the nature and structure of BHs

Ml + iSl = M(ia)l
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Probing BH structure: the central object
❖ Need infinite number of multipoles to describe Kerr. Instead, consider 

“bumpy” black holes with small departures from Kerr.
- Many studies, e.g., Collins & Hughes (2004), Glampedakis & Babak (2005), 

Barack & Cutler (2007), JG, Li & Mandel (2008), Sopuerta & Yunes (2009), 
Canizares, JG & Sopuerta (2012).

- Can simultaneously measure M, a to ~0.01% and excess quadrupole to ~0.1%.

Barack & Cutler (2007)
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❖ Other information is also encoded in emitted GWs
- Tidal coupling:  Energy is lost ‘into the horizon’ through tidal heating. Infer 

strength of tidal interaction (Li & Lovelace 07).
- Presence of matter: gas, accretion disc, second SMBH or exotic matter can leave 

measurable imprint on signal. Can’t be confused with no-hair violation.
- Horizon: presence/absence of a horizon indicated by cut-off/continuation of 

emission at plunge, e.g., persistent emission for an inspiral into a Boson-Star.
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Signatures of Deviations - Horizons
❖ Other signatures of deviations from the black hole hypothesis include 

“echoes” from the vicinity of the horizon.
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FIG. 1. Schematic classification of dark compact objects. Their compactness is expressed as the di↵erence between the object
radius r0 and the Schwarzschild radius rg. Objects in the same category have similar dynamical properties on a timescale
⌧ ⇠ rg

c | log ✏|. The upper axis refers to the time, as measured by distant observers, that light from the photosphere takes to
reach the surface r0. Numbers refer to an object of 60M� and scale linearly with it mass.
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FIG. 2. Ringdown waveforms from black holes (black line)
and ClePhOs (red line). We consider objects of 60M�. For
ClePhOs, there is a reflective surface at r0 = rg(1 + ✏), ✏ =
10�11. The amplitude of the GW signal (proportional to the
relative strain of the interferometer’s arm induced by the GW)
is normalized to its peak value. The initial data describes a
quadrupolar Gaussian wavepacket of axial GWs. The inset
shows a zoom-in version of the waveform at late times. Note
that each subsequent echo has a smaller frequency content.

These are the (quasi)normal modes of the system. The
structure of GW signals at late times is therefore ex-
pected to be relatively simple. This is shown in Fig. 2,
which refers to the scattering of a Gaussian pulse o↵ a

BH. The pulse crosses the photosphere, and excites its
modes. The ringdown signal, a fraction of which trav-
els to outside observers, is to a very good level described
by its lowest modes, Eq. (4). The fraction of the GWs
that leaks from the barrier inwards travels down to the
horizon and that’s the last one hears of it.
Contrast the previous description with the dynamical

response of a ClePhO. The initial evolution of the pho-
tosphere modes still holds, by causality. Thus, up to
timescales of the order ⇠ rg

c | log ✏| (the roundtrip time of
radiation between the photosphere and the surface) the
signal is identical to that of BHs [10, 11]. At later times,
however, the pulse traveling inwards is bound to interact
with the object. This pulse is semi-trapped between the
object and the photosphere. Upon each interaction, a
fraction exits to outside observers, giving rise to a series
of echoes of ever-decreasing amplitude. Repeated reflec-
tions occur in a characteristic echo delay time [10, 11],

⌧echo ⇠ 2rg
c

| log ✏| . (5)

This logarithmic dependence is crucial to make echoes
observable even with only Planckian corrections near the
horizon, when ✏ ⇠ 10�40. Although, at very late times,
the fundamental modes of a ClePhO have low frequen-
cies, the main burst is typically generated at the pho-
tosphere and has therefore a frequency content of the
same order as the BH modes (4). The initial signal is
of high frequency and a substantial component is able to
cross the potential barrier. Thus, observers see a series
of echoes whose amplitude is getting smaller and whose
frequency content is also going down (see Fig. 2).

Cardoso & Pani (2017) Maselli et al. (2017)
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FIG. 2. Percentage relative errors on the tidal-heating parameter � (left panel) and on the average tidal deformability ⇤ (right
panel) as a function of the spin parameter �1 = �2, for di↵erent values of the mass m1 = (106, 5 ⇥ 106, 107)M�. In the left
panel we consider a BH binary, i.e. we assume � = 1 and ⇤ = 0, whereas in the right panel we assume an ECO binary (i.e.,
� = 0 and ⇤ 6= 0, with k = 0.02 for both binary components). Full (empty) markers refer to mass ratio q = 1.1 (q = 2). Points
below the horizontal line correspond to detections that can distinguish between a BH and an ECO at better than 1� level. We
assume binaries at luminosity distance 2Gpc; �⇤,� scales with the inverse luminosity distance, whereas �⇤ (��) scales with 1/⇤
(1/�) when k ⌧ 1 (� ⌧ 1).

nal [53–55]. Since simulations of ECO binaries are not yet
available [with the notable exception of boson stars [56],
which are however limited to ✏ & O(1)], there is no fully
consistent inspiral-merger-ringdown waveform model for
an ECO coalescence.

To overcome this problem, here we focus our analy-
sis on the inspiral phase only, adopting a state-of-the-art
PN template in the frequency domain, the so-called Tay-
lorF2 approximant [57–59]. We include spin-orbit, spin-
spin [55] and the known cubic spin corrections to  PP

up to 3.5PN order [60]. As discussed, we assume the
quadrupole moment to be that of a Kerr BH. We include
tidal heating to leading order (i.e., to 2.5PN (4PN) rela-
tive order for spinning (nonspinning) binaries) and tidal
deformability terms to next-to-leading order (i.e, to 6PN
relative order [61, 62]).

We employ a Fisher matrix analysis, which is accu-
rate at large signal-to-noise ratios (SNRs) [63], as those
relevant for LISA supermassive binaries under considera-
tion. For a given set of parameters ~⇠, the error associated
with the measurement of parameter ⇠a is �a =

p
⌃aa,

where ⌃ab is the inverse of the Fisher matrix, �ab =�
@⇠ah|@⇠bh

�
~⇠=~⇠0

, ~⇠0 are the injected values of the param-

eters ~⇠, and the inner product is defined as

(g|h) = 4Re

Z fmax

fmin

df
h̃(f)g̃?(f)

Sh(f)
, (6)

where Sh(f) is the recently proposed LISA’s noise spec-
tral density [24]. We assume an observation time Tobs =
1yr, sky-averaging the GW signal [64], and estimate the
initial frequency fmin of the binary in terms of fmax and
Tobs by solving the binary motion to leading order. Since

higher-PN corrections are more relevant in the last stages
of the inspiral, we are interested in those “golden” bina-
ries which remain in the LISA band for Tobs up until
the merger. Finally, we choose fmax to guarantee that
our template is a reliable approximation of the signal in
the relevant frequency range. Namely, we choose fmax

such that the overlap O between the TaylorF2 BH-BH
template and a more accurate inspiral-merger-ringdown
template for spinning BH binaries (the PhenomD wave-
form [54, 55]) is at least equal to the fiducial threshold
O � 0.95 (more details are given in the Supplement Ma-
terial). We note that, to the leading order, the statistical
errors estimated through the Fisher matrix are indepen-
dent of the systematic errors arising from approximat-
ing the true signal with an imperfect theoretical tem-
plate [65].

The relevant Fisher-matrix parameters are ~⇠ =
(lnA, c, tc, lnM, ln ⌫,�1,�2) [where  c, tc, M =
(m1m2)3/5/m1/5 and ⌫ = m1m2/m2 are the phase and
time at the coalescence, the chirp mass, and the symmet-
ric mass ratio, respectively] plus possibly � and log⇤,
depending on the system under consideration. (The sub-
leading term of  TD depends on an extra parameter [62]
which, however, turns out to be unmeasurable.)

GW constraints on ECOs. Our requirement O �

0.95 is not satisfied for both large spins and large mass
ratios. Because the e↵ects of the former are more impor-
tant, we focus on q 2 (1, 2) and �i 2 (0, 0.95).

Let us first consider the e↵ects of tidal heating, by set-
ting ⇤ = 0. The error �� is shown in the left panel
of Fig. 2 as a function of the spin for di↵erent sys-
tems. The dashed horizontal line marks the threshold



Signatures of Deviations - Horizons
❖ Horizonless objects are generically unstable and would generate a stochastic 

background of gravitational waves.

Barausse et al. (2018)

4

FIG. 2. Extragalactic stochastic background for the canonical model in the LIGO/Virgo (left panel), LISA and PTA bands (right panel). The
blue band brackets our population models (from the most pessimistic to the most optimistic, as explained in the main text). The background
depends very weakly on ✏ as long as t0 ⇠ tH | log ✏| ⌧ 1010tH , so here we show only the case t0 ⇠ tH | log 10�40|. The black lines are the
power-law integrated curves of [51], computed using noise PSDs for LISA with one year of observation time [48], LIGO’s first observing runs
(O1), LIGO at design sensitivity as described in [52], and an SKA-based pulsar timing array as described in [53]. By definition, ⇢stoch > 2
(⇢stoch = 2) when a power-law spectrum intersects (is tangent to) a power-law integrated curve.
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FIG. 3. Same as in Fig. 2, but for an agnostic model for the compact-object (dissipationless) interior, where the light travel time t0 between
the light ring and the surface is a free parameter.

(⇠ 108 � 1010M�) BHs that emit respectively in the LISA
and PTA bands, we adopt the semi-analytic galaxy-formation
model of Ref. [56] (with later incremental improvements de-
scribed in [57–59]), which follows the formation of these ob-
jects from their high-redshift seeds and their growth by ac-
cretion and mergers. This growth is triggered in turn by the
synergic co-evolution of the BHs with their host galaxies, of
which we evolve both the various baryonic components and
the dark-matter halos. This model is optimistic since it pre-
dicts a spin distribution skewed towards large spins, at least
at low masses. To include astrophysical uncertainties in our
computation, we also consider models in between our most
optimistic and most pessimistic assumptions as described in
Ref. [49] (see Section III therein).

III. RESULTS

Our main results for the GW stochastic background from
exotic compact objects are shown in Fig. 2 in the frequency
bands relevant for LIGO/Virgo (left panel) and for LISA/an
SKA-based pulsar timing arrays (right panel). The left panel
suggests that the absence of a stochastic background in LIGO
O1 already rules out our canonical model even for conserva-
tive spin distributions, while LIGO at design sensitivity will
be able to rule out our canonical model even in more pes-
simistic scenarios than those assumed here, e.g. even if all
BH-like objects had initial spin � < 0.2. Similar results apply
in the LISA band, whereas the stochastic signal is too small to
be detectable by pulsar timing arrays, even in the SKA era.1

1 This is because the frequency given by Eq. (1) is in the range of pulsar
timing arrays only for BH mimickers of masses & 1011M�, where astro-



Deviations in the strong field
❖ Strong field deviations can be more extreme. Kerr is special in having orbits 

with a complete set of integrals. This need not hold for other systems.

❖ Explore orbital properties using a Poincare map. 
- Many orbits show closed curves, indicating that they have an effective third integral.
- Some orbits show space-filling maps, indicating ergodic behaviour - a ‘smoking gun’ 

for a non-Kerr spacetime.
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Deviations in the strong field
❖ Strong field deviations can be more extreme. Kerr is special in having orbits 

with a complete set of integrals. This need not hold for other systems.

❖ Explore orbital properties using a Poincare map. 
- Many orbits show closed curves, indicating that they have an effective third integral.
- Some orbits show space-filling maps, indicating ergodic behaviour - a ‘smoking gun’ 

for a non-Kerr spacetime.

❖ How to identify this in practice is not obvious.
- Might detect this via a time-frequency analysis, or if waveform SNR stops 

accumulating prematurely.
- Could even see intermittent ‘bursts’ of regular periodic radiation as orbit passes into 

and out of ergodic regime.
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Deviations in the strong field
❖ Strong field deviations can be more extreme. Kerr is special in having orbits 

with a complete set of integrals. This need not hold for other systems.

❖ Explore orbital properties using a Poincare map. 
- Many orbits show closed curves, indicating that they have an effective third integral.
- Some orbits show space-filling maps, indicating ergodic behaviour - a ‘smoking gun’ 

for a non-Kerr spacetime.

❖ How to identify this in practice is not obvious.
- Might detect this via a time-frequency analysis, or if waveform SNR stops 

accumulating prematurely.
- Could even see intermittent ‘bursts’ of regular periodic radiation as orbit passes into 

and out of ergodic regime.

❖ Unlikely to be astrophysically relevant, as fine-tuning is needed.



Signatures of Deviations - Resonances
❖ When an integrable system is perturbed, resonant points become smeared out 

into resonant chains of islands (Poincare-Birkhoff theorem). Such deviation 
may therefore show up as a persistent resonance in the observed GWs.

Apostolatos et al. (2009)



❖ No-hair theorem violations as also encoded in frequency and damping time 
of quasi-normal modes, excited after massive black hole mergers. Need to 
observe 2 or more modes.

Probing the nature and structure of BHs

Berti, Cardoso & Will (2006)
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Figure 2. Rates of binary BH mergers that yield detectable ringdown signals (filled symbols) and allow for spectroscopical
tests (hollow symbols). Left panel: rates per year for Earth-based detectors of increasing sensitivity. Right panel: rates per
year for 6-link (solid) and 4-link (dashed) eLISA configurations with varying armlength and acceleration noise.

of BH-BH merger rates, and therefore model M3 should
be regarded as pessimistic [9]. In all of these models we
set the BH spins to zero, an assumption consistent with
estimates from GW150914 [4]. Even in the unrealistic
scenario where all BHs in the Universe were maximally
spinning, rates would increase by a factor . 3 (see Table
2 of [6]). Massive binaries with ringdowns detectable by
Earth-based interferometers could also be produced by
other mechanisms (see e.g. [39–42]), and therefore our
rates should be seen as lower bounds.

To estimate ringdown rates from massive BH mergers
detectable by eLISA we consider the same three models
(PopIII, Q3nod and Q3d) used in [20] and produced with
the semi-analytical approach of [43] (with incremental
improvements described in [44–46]). These models were
chosen to span the major sources of uncertainty a↵ect-
ing eLISA rates, namely (i) the nature of primordial BH
seeds (light seeds coming from the collapse of Pop III
stars in model PopIII; heavy seeds originating from pro-
togalactic disks in models Q3d and Q3nod), and (ii) the
delay between galaxy mergers and the merger of the BHs
at galactic centers (model Q3d includes this delay; model
Q3nod does not, and therefore yields higher detection
rates). In all three models the BH spin evolution is fol-
lowed self-consistently [43, 44]. For each event in the
catalog we compute ⇢ from Eq. (1), where ✏rd is rescaled
by a spin-dependent factor as necessary.

Detection rates. The ringdown detection rates (events
per year with ⇢ > 8 in a single detector) predicted by
models M1, M3, M10 (for stellar-mass BH binaries) and
PopIII, Q3d, Q3nod (for supermassive BH binaries) are
shown in Fig. 2 with filled symbols. For example, models

M1 (M10, M3) predict 3.0 (2.5, 0.57) events per year
with detectable ringdown in O1; 7.0 (5.8, 1.1) in O2; and
40 (35, 5.2) in AdLIGO. Model Q3d (Q3nod, PopIII)
predicts 38 (533, 13) events for a 6-link N2A5 eLISA
mission lasting 5 years, but in the plot we divided these
numbers by 5 to facilitate a more fair comparison in terms
of events per year.
BH spectroscopy. Suppose that we know that a signal
contains two (or possibly more) ringdown modes. We
expect the weaker mode to be hard to resolve if its amp-
litude is low and/or if the detector’s noise is large. The
critical SNR for the second mode to be resolvable can
be computed using the generalized likelihood ratio test
(GLRT) [47] under the following assumptions: (i) using
other criteria, we have already decided in favor of the
presence of one ringdown signal; (ii) the ringdown fre-
quencies and damping times, as well as the amplitude
of the dominant mode, are known. Then the critical
SNR ⇢GLRT to resolve a mode with either ` = m = 3
or ` = m = 4 from the dominant mode with ` = m = 2
is well fitted, for nonspinning binary BH mergers, by

⇢2, 3GLRT = 17.687 +
15.4597

q � 1
� 1.65242

q
, (2)

⇢2, 4GLRT = 37.9181 +
83.5778

q
+

44.1125

q2
+

50.1316

q3
.(3)

These fits reproduce the numerical results in Fig. 9 of
[47] within 0.3% when q 2 [1.01 � 100]. Spectroscopical
tests of the Kerr metric can be performed whenever either
mode is resolvable, i.e. ⇢ > ⇢GLRT ⌘ min(⇢2, 3GLRT, ⇢2, 4GLRT).
The ` = m = 3 mode is usually easier to resolve than the
` = m = 4 mode, but the situation is reversed in the

Berti et al. (2016)
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GR, consider generic deviations to inspiral phase.
❖ Modify pN phase coefficients (Arun et al.)
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GR, consider generic deviations to inspiral phase.
❖ Modify pN phase coefficients (Arun et al.)
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Tests of gravitational physics
❖ Parameterised post-Einsteinian formalism (Yunes & Pretorius 2009) uses

h̃ppE(f) = h̃GR(f)⇥ (1 + ↵(⇡Mf)a) exp
⇥
i�(⇡Mf)b

⇤
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11

FIG. 2. (Color Online) Projected constraints on modified gravity e↵ects as a function of ppE PN order at which they first
enter for a variety of space-based (left) and ground-based (right) detectors and a variety of systems (anything above the regions
is projected to be ruled out). The shaded regions are bounded by the highest and lowest constraints that can be placed at a
given PN order for all instruments studied. For comparison, we also include the constraints that have already been placed by
aLIGO with the GW150914 detection [1, 2] (thin cyan line), as well as constraints that can be placed with binary pulsars [100]
(dashed black line). Observe that the magnitudes of the projected constraints with space-based and ground-based instruments
are comparable, with the former being better by roughly 2–4 orders of magnitude at negative PN order.

• GW150914-like binary systems (GW150914): As
previously defined in Sec. III C 1.

As in the space-based case, all systems are assumed to
be on a quasi-circular inspiral trajectory. The luminosity
distances for the ground-based systems are chosen such
that each system has a signal-to-noise ratio of ⇠25 when
detected with aLIGO at design sensitivity, except for the
GW150914 case which uses the actual detection param-
eters. As expected, at a fixed luminosity distance, the
signal-to-noise ratios increase as the instrument sensitiv-
ity improves. As in the space-based case, for each of these
classes we pick three representative systems to explore
projected constraints on deviations from GR (the prop-
erties of one of these is listed in Table IV). As in the case
of sources for space-based detectors, we will not consider
constraints obtained by stacking multiple events, leaving
this to future work [99].

IV. PROSPECTS FOR FUTURE TESTS OF GR

This section discusses how projected constraints on de-
viations from GR are improved with future detectors. We
begin by presenting these constraints and conclude with
an explanation of the improvements using phenomeno-
logical noise curves.

A. Future Ground-based and Space-based Tests

The left panel of Fig. 2 shows the projected constraints
that space-based detectors can place on modified gravity

as a function of the ppE PN order at which the modi-
fication first enters for a variety of systems (the region
above the curves would be ruled out given such observa-
tions). The constraints are presented as shaded regions,
which represent variation due to instrument choice and
representative system choice. In all cases, the N2A5 con-
figuration can do best at testing GR, as expected from
Fig. 1. For negative PN order modifications, the SMBH
class is worst at placing constraints, while the EMRI and
GW150914 classes are best. For positive PN order modi-
fications, all classes do approximately equally well, except
for the GW150914 class, which does the worst.
Let us explain this behavior. Negative PN order mod-

ifications to GR are proportional to negative powers of
the orbital velocity (relative to the leading PN order GR
term). Therefore, negative PN corrections are naturally
larger for systems that are more widely separated since
their orbital velocity is smaller by the Virial theorem (a
version of which typically holds in modified gravity). The
GW150914-like systems that space-based detectors could
observe are by far the most widely separated and, there-
fore, lead to the best projected constraints at negative
PN order. EMRI systems could also be emitting grav-
itational waves during the entire lifetime of the space-
based missions at relatively small velocities, although not
as small as those of GW150914-like systems. Nonethe-
less, the constraints one could place with EMRIs at neg-
ative PN orders are comparable to those we can place
with GW150914-like systems because (i) we have chosen
signal-to-noise ratios an order of magnitude larger for the
former and (ii) the gravitational waves emitted by these
EMRI systems start in the bucket of the LISA noise curve

Chamberlain & Yunes (2017)
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❖ Parameterised post-Einsteinian formalism (Yunes & Pretorius 2009) uses

❖ Many specific alternative theories can be directly mapped to the ppE 
parameterisation, allowing results to be interpreted physically.

h̃ppE(f) = h̃GR(f)⇥ (1 + ↵(⇡Mf)a) exp
⇥
i�(⇡Mf)b

⇤
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GR Deviation PN Parameter Best Space Const. Best Ground Const. Current Const. Best Space Sys. Best Ground Sys.

Dipole Radiation -1
� 4.9 ⇥ 10

�12
1.9 ⇥ 10

�10
4.4 ⇥ 10

�5
EMRI NSNS

�ĖDip 7.8 ⇥ 10
�8

3.2 ⇥ 10
�8

1.8 ⇥ 10
�3

EMRI/GW150914 NSNS

Large Extra-Dimension -4
� 2.2 ⇥ 10

�22
6.4 ⇥ 10

�20
9.1 ⇥ 10

�11
EMRI NSNS

` [µm] 3.0 ⇥ 10
2

7.5 ⇥ 10
4

10 � 10
3
[28–32] EMRI/GW150914 BHBH

Time-Varying G -4
� 2.2 ⇥ 10

�22
6.4 ⇥ 10

�20
9.1 ⇥ 10

�11
EMRI NSNS

Ġ [1/yr] 6.8 ⇥ 10
�8

1.1 ⇥ 10
�3

10
�12 � 10

�13
[33–37] EMRI NSNS

Einstein-Æther Theory 0
� 4.0 ⇥ 10

�8
6.7 ⇥ 10

�5
3.4 ⇥ 10

�3
EMRI `BHNS

(c+, c�) (10
�3, 3 ⇥ 10

�4
) (10

�2, 4 ⇥ 10
�3

) (0.03, 0.003) [38, 39] EMRI NSNS

Khronometric Gravity 0
� 4.0 ⇥ 10

�8
6.7 ⇥ 10

�5
3.4 ⇥ 10

�3
EMRI `BHNS

(�KG,�KG) (10
�4, 10�2

)/2 (10
�2, 10�1

)/5 (10
�2, 10�1

)/2 [38, 39] EMRI GW150914

Graviton Mass +1
� 4.3 ⇥ 10

�5
1.0 ⇥ 10

�3
8.9 ⇥ 10

�2
EMRI/IMBH `BHBH

mg [eV ] 9.0 ⇥ 10
�28

9.9 ⇥ 10
�25

10
�29 � 10

�18
[40–44] SMBH/IMRI GW150914

TABLE I. Table summary of the best constraints on a variety of modified gravity modifications, listed in the first column. The
second column indicates the PN order at which the modification first enters the gravitational wave phase. The third column
labels the parameters that can be constrained. The fourth (fifth) column shows the best projected constraint achievable with
a space-based (ground-based) detectors, which is to be compared with current constraints on � (listed as the best constraint
obtained with either of the GW150914 or GW151226 detections), and with current constraints on theory parameters as given
by the most stringent of either aLIGO or other observations. The last two columns show the class of the system that lead to the
best constraint. Constraints on Einstein-Æther/khronometric Gravity are given as rough constraints on (c+, c�)/(�KG, �KG)
(for the contours, see Figs. 8 and 9).

Both space and ground-based detectors can

place constraints that are comparable to, and

sometimes better than, current constraints,

though the latter can typically do somewhat

better than the former.

Future gravitational wave observations will certainly
lead to constraints that are in many cases more stringent
than current constraints, as seen in Table I. Though the
results are theory-dependent, space-based instruments
can often o↵er more stringent constraints on the prop-
erties of nature in the extreme-gravity regime, such as
the mass of the graviton or the size of a large extra-
dimension. This is due in part to the high signal-to-noise
ratio nature of detections that are accessible to these
kinds of detectors, as well as the wide range of binary
masses, separation distances, and luminosity distances
that produce mHz frequency gravitational waves.

Future ground-based detectors are comple-

mentary to space-based detectors when plac-

ing constraints on modified theories of gravity.

As shown in Table. I, the constraints one can place on
modified gravity with ground- and space-based detectors
are not significantly di↵erent. What is important is that
the constraints derived with either type of instrument
are, in many cases, orders of magnitude stronger than
current bounds obtained by other observations and ex-
periments. In this sense, the science case for the next gen-
eration of ground-based instruments and for space-based
instruments is strong with regards to the inferences one
can extract about theoretical physics from future gravi-
tational wave data.

The remainder of this paper describes in detail the
methodology used to reach the results summarized above
and is divided as follows. Section II explains how dif-
ferent modifications to the pillars of GR imprint onto
the gravitational wave observable. Section III presents
the data analysis tools and gravitational wave models
we employ in this paper. Section IV describes the pro-
jected constraints we will be able to place on deviations
from GR with future observations. Section V maps these
constraints to inferences we can extract on fundamen-
tal theoretical physics. Section VI concludes and points
to future research. Henceforth, we follow the conventions
of [46]. In particular, the metric signature is (�,+,+,+),
Latin and Greek letters in index lists stand for parameter
and spacetime indices respectively, and we use geometric
units in which G = 1 = c.

II. MODIFICATIONS TO THE PILLARS OF GR

Modified theories of gravity have pervaded the realm
of gravitational physics for ages. However, we are now
in a position to begin to test these competing hypothe-
ses against actual data in the extreme gravity regime.
Rather than focus our study on a particular theory of
gravity, we take the alternative viewpoint of attempt-
ing to learn about and constrain deviations in the pillars
upon which GR rests, agnostic to any particular theory.
In this section, we classify modified gravity e↵ects by the
main (i.e. leading-order in the inspiral) deviations they
impose on the pillars of GR, separating them into two
groups of deviations: those that a↵ect the generation of
gravitational waves and those that a↵ect the propaga-
tion of gravitational waves. We then discuss how such
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FIG. 5. (Color Online) Projected constraints on the strength
of dipolar emission �ĖDip as a function of instrument. Cur-
rent constraints on dipole radiation from the low mass X-ray
binary pulsar are given by the horizontal dashed yellow line.
The vertical lines represent the variability of the constraint
within the class of systems considered. Observe the the pro-
jected constraints are 4–5 orders of magnitude stronger than
the current bound (which is given by the low-mass X-ray bi-
nary [106]), and that those obtained with third-generation
ground-based detectors are comparable to those obtained with
space-based detectors.

B. Anomalous Accelerations, Large Extra
Dimensions and Time-Varying Fundamental

Constants

The existence and size of a single large extra-dimension
introduces a leading-order modification to the gravita-
tional wave phase that enters at -4PN order, as described
in Sec. II. In this case, however, constraints are only pos-
sible when at least one of the binary components is a
black hole, as otherwise there is no leakage into the ex-
tra dimension. In this study, we only consider black hole
binaries as a generalization. As before, the gravitational
wave can then be modeled as in Sec. IIIA with

� =
dm

dt
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851968
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3� 26⌘ + 34⌘2

⌘2/5(1� 2⌘)

◆
, b = �13 (21)

where dm
dt ⌘ ṁ = ṁ1 + ṁ2 and

ṁa = �2.8⇥ 10�7

✓
M�
Ma

◆2✓ `

10µm

◆2

M� yr�1 (22)

where, in this case, Ma is the mass of one of the black
holes and ` is the size of the large extra dimension that
we are interested in constraining.

Because the modification enters at negative PN order
as in the case of dipole radiation, we expect the best

constraints on � to come from gravitational waves emit-
ted by widely separated systems. However, the mapping
above shows that any constraint on ṁ will be enhanced
by a factor of ⌘2/5, thus suggesting that the systems with
most extreme masses will lead to the best constraints. In-
deed, as seen in Fig. 6, the best constraints are obtained
with EMRI systems detected with space-based detectors.
These constraints are approximately comparable to cur-
rent constraints [28–32], but 7 orders of magnitude better
than the best constraints achievable with ground-based
detectors.
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FIG. 6. (Color Online) Projected constraints on the size of
a large extra dimension as a function of instrument. Current
constraints on ` are between 10 and 103 µm (see Table I) as
shown with horizontal dashed lines. Observe that EMRIs can
place constraints on the size of a large extra dimensions that
are ⇠ 1012 orders of magnitude more stringent than those
placed with SMBHs, and that these constraints are roughly
competitive with current constraints.

The time-variability of Newton’s constant G can also
be constrained by studying a -4PN order deviation from
GR. As discussed in Sec. II, the ppE mapping is in this
case

� =
25

65526

Ġz

G
Mz , b = �13 , (23)

which then suggests that systems with large chirp mass
(due to the �–Ġ mapping) and those that are widely
separated (due to the negative PN correction) will place
the most stringent constraints. This is indeed reflected
in Fig. 7, where we see the best constraints come from
EMRI systems, which are 4–6 orders of magnitude bet-
ter than the best constraints we can place with third-
generation ground-based detectors. Since current con-
straints on Ġ are 10�13/yr [33–35], none of these will be
directly competitive.

15

10
-10

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

a
L
I
G

O

V
o
y
.

A
+

C
E

E
T

-D

N
2
A

1

N
2
A

2

N
2
A

5

L
I
S
A

G
r
o
u
n
d
-
b
a
s
e
d

S
p
a
c
e
-
b
a
s
e
d

A0620-00 LMXB

C
on

st
ra

in
t

on
�Ė
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nary [106]), and that those obtained with third-generation
ground-based detectors are comparable to those obtained with
space-based detectors.
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The existence and size of a single large extra-dimension
introduces a leading-order modification to the gravita-
tional wave phase that enters at -4PN order, as described
in Sec. II. In this case, however, constraints are only pos-
sible when at least one of the binary components is a
black hole, as otherwise there is no leakage into the ex-
tra dimension. In this study, we only consider black hole
binaries as a generalization. As before, the gravitational
wave can then be modeled as in Sec. IIIA with
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where, in this case, Ma is the mass of one of the black
holes and ` is the size of the large extra dimension that
we are interested in constraining.

Because the modification enters at negative PN order
as in the case of dipole radiation, we expect the best

constraints on � to come from gravitational waves emit-
ted by widely separated systems. However, the mapping
above shows that any constraint on ṁ will be enhanced
by a factor of ⌘2/5, thus suggesting that the systems with
most extreme masses will lead to the best constraints. In-
deed, as seen in Fig. 6, the best constraints are obtained
with EMRI systems detected with space-based detectors.
These constraints are approximately comparable to cur-
rent constraints [28–32], but 7 orders of magnitude better
than the best constraints achievable with ground-based
detectors.
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The time-variability of Newton’s constant G can also
be constrained by studying a -4PN order deviation from
GR. As discussed in Sec. II, the ppE mapping is in this
case
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which then suggests that systems with large chirp mass
(due to the �–Ġ mapping) and those that are widely
separated (due to the negative PN correction) will place
the most stringent constraints. This is indeed reflected
in Fig. 7, where we see the best constraints come from
EMRI systems, which are 4–6 orders of magnitude bet-
ter than the best constraints we can place with third-
generation ground-based detectors. Since current con-
straints on Ġ are 10�13/yr [33–35], none of these will be
directly competitive.
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binary pulsar are given by the horizontal dashed yellow line.
The vertical lines represent the variability of the constraint
within the class of systems considered. Observe the the pro-
jected constraints are 4–5 orders of magnitude stronger than
the current bound (which is given by the low-mass X-ray bi-
nary [106]), and that those obtained with third-generation
ground-based detectors are comparable to those obtained with
space-based detectors.

B. Anomalous Accelerations, Large Extra
Dimensions and Time-Varying Fundamental

Constants

The existence and size of a single large extra-dimension
introduces a leading-order modification to the gravita-
tional wave phase that enters at -4PN order, as described
in Sec. II. In this case, however, constraints are only pos-
sible when at least one of the binary components is a
black hole, as otherwise there is no leakage into the ex-
tra dimension. In this study, we only consider black hole
binaries as a generalization. As before, the gravitational
wave can then be modeled as in Sec. IIIA with

� =
dm

dt
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where dm
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where, in this case, Ma is the mass of one of the black
holes and ` is the size of the large extra dimension that
we are interested in constraining.

Because the modification enters at negative PN order
as in the case of dipole radiation, we expect the best

constraints on � to come from gravitational waves emit-
ted by widely separated systems. However, the mapping
above shows that any constraint on ṁ will be enhanced
by a factor of ⌘2/5, thus suggesting that the systems with
most extreme masses will lead to the best constraints. In-
deed, as seen in Fig. 6, the best constraints are obtained
with EMRI systems detected with space-based detectors.
These constraints are approximately comparable to cur-
rent constraints [28–32], but 7 orders of magnitude better
than the best constraints achievable with ground-based
detectors.
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FIG. 6. (Color Online) Projected constraints on the size of
a large extra dimension as a function of instrument. Current
constraints on ` are between 10 and 103 µm (see Table I) as
shown with horizontal dashed lines. Observe that EMRIs can
place constraints on the size of a large extra dimensions that
are ⇠ 1012 orders of magnitude more stringent than those
placed with SMBHs, and that these constraints are roughly
competitive with current constraints.

The time-variability of Newton’s constant G can also
be constrained by studying a -4PN order deviation from
GR. As discussed in Sec. II, the ppE mapping is in this
case
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65526

Ġz

G
Mz , b = �13 , (23)

which then suggests that systems with large chirp mass
(due to the �–Ġ mapping) and those that are widely
separated (due to the negative PN correction) will place
the most stringent constraints. This is indeed reflected
in Fig. 7, where we see the best constraints come from
EMRI systems, which are 4–6 orders of magnitude bet-
ter than the best constraints we can place with third-
generation ground-based detectors. Since current con-
straints on Ġ are 10�13/yr [33–35], none of these will be
directly competitive.
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The vertical lines represent the variability of the constraint
within the class of systems considered. Observe the the pro-
jected constraints are 4–5 orders of magnitude stronger than
the current bound (which is given by the low-mass X-ray bi-
nary [106]), and that those obtained with third-generation
ground-based detectors are comparable to those obtained with
space-based detectors.

B. Anomalous Accelerations, Large Extra
Dimensions and Time-Varying Fundamental

Constants

The existence and size of a single large extra-dimension
introduces a leading-order modification to the gravita-
tional wave phase that enters at -4PN order, as described
in Sec. II. In this case, however, constraints are only pos-
sible when at least one of the binary components is a
black hole, as otherwise there is no leakage into the ex-
tra dimension. In this study, we only consider black hole
binaries as a generalization. As before, the gravitational
wave can then be modeled as in Sec. IIIA with
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where, in this case, Ma is the mass of one of the black
holes and ` is the size of the large extra dimension that
we are interested in constraining.

Because the modification enters at negative PN order
as in the case of dipole radiation, we expect the best

constraints on � to come from gravitational waves emit-
ted by widely separated systems. However, the mapping
above shows that any constraint on ṁ will be enhanced
by a factor of ⌘2/5, thus suggesting that the systems with
most extreme masses will lead to the best constraints. In-
deed, as seen in Fig. 6, the best constraints are obtained
with EMRI systems detected with space-based detectors.
These constraints are approximately comparable to cur-
rent constraints [28–32], but 7 orders of magnitude better
than the best constraints achievable with ground-based
detectors.
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FIG. 6. (Color Online) Projected constraints on the size of
a large extra dimension as a function of instrument. Current
constraints on ` are between 10 and 103 µm (see Table I) as
shown with horizontal dashed lines. Observe that EMRIs can
place constraints on the size of a large extra dimensions that
are ⇠ 1012 orders of magnitude more stringent than those
placed with SMBHs, and that these constraints are roughly
competitive with current constraints.

The time-variability of Newton’s constant G can also
be constrained by studying a -4PN order deviation from
GR. As discussed in Sec. II, the ppE mapping is in this
case
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which then suggests that systems with large chirp mass
(due to the �–Ġ mapping) and those that are widely
separated (due to the negative PN correction) will place
the most stringent constraints. This is indeed reflected
in Fig. 7, where we see the best constraints come from
EMRI systems, which are 4–6 orders of magnitude bet-
ter than the best constraints we can place with third-
generation ground-based detectors. Since current con-
straints on Ġ are 10�13/yr [33–35], none of these will be
directly competitive.
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FIG. 7. (Color Online) Projected constraints on the magni-
tude of the time variability of Newton’s constant G as a func-
tion of instrument. Future generation detectors will be able
to place constraints up to 12 orders of magnitude more strin-
gent than design aLIGO, with space-based detec tors beating
ground-based by as much as 7 orders of magnitude. Current
constraints are about 10�13/yr [33–35], shown with a dashed
horizontal line near the bottom of the figure.

C. Local Lorentz Symmetry Violation

In Lorentz violating theories, a vector field is intro-
duced that carries additional energy away from the inspi-
raling binaries, inducing modifications that enter at -1PN
order. These corrections, however, depend on the di↵er-
ence of the compact object sensitivities, which are not
known for black holes. We will thus here estimate future
constraints on Lorentz violating e↵ects using the sensi-
tivities calculated for neutron stars (the sensitivities of
which have been calculated) through the next-to-leading
order term in the phase, which enters at Newtonian or-
der, as explain in Sec. II. Once more, the gravitational
wave can be modeled as in Sec. III A with

� =� 3
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(AEA,1 + SAEA,2 + S2AEA,3)

�
,

b =� 5 (24)

where S ⌘ (s1m2 + s2m1)/m and s1,2 are the compact
object sensitivities, AEA,1 can be found in Eq. (91) of [81],
and A

EA,2/3 can be found in Eqs. (111) and (112) of [39].
Notice from the mapping that, in this case, the modifica-
tion depends on more than a single coupling parameter
(e.g. c± in the Einstein-Æther case) and that since these
are dimensionless, there is no additional function of the
binary’s system parameters required in the conversion.
We thus expect a relatively simple two-dimensional map-
ping between � and the coupling constants of the theory,

FIG. 8. (Color Online) Projected constraint regions on the
coupling parameters of khronometric theory. The region be-
low the solid black line, the region to the right of the dashed
black line, and the region above the dotted black line con-
tain values of (�KG, �KG) that violate certain stability con-
straints [13, 107, 108], binary pulsar constraints [38, 39], and
cosmological constraints [10, 109–111] respectively. The re-
gions above and to the right of the di↵erent color lines corre-
spond to values of (�KG, �KG) that would be ruled out with
future gravitational wave observations using di↵erent ground-
based instruments. The EMRI and IMRI lines correspond to
future projected constraints with LISA, while the CE and
ET-D lines correspond to future projected constraints with
GW150914-like observations.

as shown in Fig. 9. Observations of some black hole in-
spirals and mergers with space-based detectors do best
at constraining these modifications because they are able
to see the merger phase, which breaks a chirp mass-total
mass degeneracy in parameter estimation (see also dis-
cussion in [112, 113]). However, ground-based detectors
become competitive with space-based detectors when one
considers binary black hole systems. The ground-based
constraints provided by the observation of neutron star
inspirals (solid lines in Fig.9) do not include the merger
phase5 in this study, as described in Sec. III A.
Similarly to Einstein-Æther, khronometric gravity in-

troduces modifications to GR at Newtonian order, and
thus we expect black hole observations of the merger
(with both space- and ground-based detectors) to do bet-
ter than ground-based observations of neutron star in-
spirals6. The gravitational wave can be modeled as in

5
The merger of binary neutron stars occurs at kHz frequencies

where the detectors are less sensitive and where the simple Phe-

nomD waveform model would not be accurate.
6

Note that the constraints that we find are roughly one order

of magnitude worse that what was found in [81]. This is due

to a di↵erence in waveforms used when performing the Fisher

Analysis. In this paper, we use the spin-dependent PhenomD

waveform model, as described in Sec. II–III A, while in [81] the

Taylor F2 model was used.
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tion of instrument. Future generation detectors will be able
to place constraints up to 12 orders of magnitude more strin-
gent than design aLIGO, with space-based detec tors beating
ground-based by as much as 7 orders of magnitude. Current
constraints are about 10�13/yr [33–35], shown with a dashed
horizontal line near the bottom of the figure.
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In Lorentz violating theories, a vector field is intro-
duced that carries additional energy away from the inspi-
raling binaries, inducing modifications that enter at -1PN
order. These corrections, however, depend on the di↵er-
ence of the compact object sensitivities, which are not
known for black holes. We will thus here estimate future
constraints on Lorentz violating e↵ects using the sensi-
tivities calculated for neutron stars (the sensitivities of
which have been calculated) through the next-to-leading
order term in the phase, which enters at Newtonian or-
der, as explain in Sec. II. Once more, the gravitational
wave can be modeled as in Sec. III A with
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object sensitivities, AEA,1 can be found in Eq. (91) of [81],
and A

EA,2/3 can be found in Eqs. (111) and (112) of [39].
Notice from the mapping that, in this case, the modifica-
tion depends on more than a single coupling parameter
(e.g. c± in the Einstein-Æther case) and that since these
are dimensionless, there is no additional function of the
binary’s system parameters required in the conversion.
We thus expect a relatively simple two-dimensional map-
ping between � and the coupling constants of the theory,
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coupling parameters of khronometric theory. The region be-
low the solid black line, the region to the right of the dashed
black line, and the region above the dotted black line con-
tain values of (�KG, �KG) that violate certain stability con-
straints [13, 107, 108], binary pulsar constraints [38, 39], and
cosmological constraints [10, 109–111] respectively. The re-
gions above and to the right of the di↵erent color lines corre-
spond to values of (�KG, �KG) that would be ruled out with
future gravitational wave observations using di↵erent ground-
based instruments. The EMRI and IMRI lines correspond to
future projected constraints with LISA, while the CE and
ET-D lines correspond to future projected constraints with
GW150914-like observations.

as shown in Fig. 9. Observations of some black hole in-
spirals and mergers with space-based detectors do best
at constraining these modifications because they are able
to see the merger phase, which breaks a chirp mass-total
mass degeneracy in parameter estimation (see also dis-
cussion in [112, 113]). However, ground-based detectors
become competitive with space-based detectors when one
considers binary black hole systems. The ground-based
constraints provided by the observation of neutron star
inspirals (solid lines in Fig.9) do not include the merger
phase5 in this study, as described in Sec. III A.
Similarly to Einstein-Æther, khronometric gravity in-

troduces modifications to GR at Newtonian order, and
thus we expect black hole observations of the merger
(with both space- and ground-based detectors) to do bet-
ter than ground-based observations of neutron star in-
spirals6. The gravitational wave can be modeled as in

5
The merger of binary neutron stars occurs at kHz frequencies

where the detectors are less sensitive and where the simple Phe-

nomD waveform model would not be accurate.
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Note that the constraints that we find are roughly one order

of magnitude worse that what was found in [81]. This is due

to a di↵erence in waveforms used when performing the Fisher

Analysis. In this paper, we use the spin-dependent PhenomD

waveform model, as described in Sec. II–III A, while in [81] the

Taylor F2 model was used.
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FIG. 9. (Color Online) Projected constraint regions placed by ground-based (left) and space-based (right) detectors on the
coupling parameters of Einstein-Æther theory for various systems. The region above the black solid line excludes values of
(c+, c�) that violate certain stability constraints [13, 107, 108]. All values of (c+, c�) outside of the darker grey region are
ruled out by binary pulsar observations [38, 39]. The regions above and to the right of the colored lines correspond to values
of (c+, c�) that would be ruled out with future gravitational wave observations using di↵erent ground-based instruments.
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where ↵KG = 2�KG, AKG,1 can be found in Eq. (91) of [81],
and A

KG,2/3 can be found in Eqs. (121) and (122) of [39].
As before, observations of black hole inspirals and merg-
ers do best at constraining these modifications. We see in
Fig. 8 that constraints with future space-based detectors
would be able to greatly shrink the allowed parameter
space. Projected constraints with NSNS systems lie out-
side of the bounds of this plot.

D. Massive Graviton

A special relativistic modification to the dispersion re-
lation of gravitational waves to include a mass for the
graviton introduces a correction in the gravitational wave
phase that enters at 1PN order, as discussed in Sec. II.
With the waveform model of Sec. III A, the ppE mapping
is then

� =
⇡2 D0 Mz

�2
, b = �3 (26)

where D0 is given in Eq. 25 of [5] and �g is the wavelength
of the graviton.

Notice that in solving for a constraint on mg, one
must divide by the product of the luminosity distance
and the chirp mass. We thus expect that the gravi-
tational waves emitted from the most distant and the
most massive systems will lead to the most stringent con-
straints. This is indeed verified in Fig. 10, where we see

the best constraints come from space-based detectors,
which can observe supermassive black hole mergers at
Gpc distances. These constraints can be as much as 2–3
orders of magnitude better than the best constraints with
third-generation ground based detectors. All of these,
nonetheless, are as much as 5 orders of magnitude better
than current constraints with aLIGO, rapidly approach-
ing the scale at which a mass of the graviton could be
comparable to the cosmological constant (⇠ 10�31eV).

VI. FUTURE DIRECTIONS

We have investigated the constraints we will be able
to place on deviations from GR with future space- and
ground-based detectors. We found that constraints can
improve by more than an order of magnitude as one
compares future ground-based instrument observations
to current aLIGO bounds. These improvements, how-
ever, become much closer to those provided by space-
based instruments when considering the future genera-
tion detectors. We also quantified the degree to which
improvements in di↵erent bands of the sensitivity noise
leads to improvements in constraints of GR, finding that
modest low-frequency improvements can have large ef-
fects while high-frequency improvements typically have
lesser, but still substantial, e↵ects. We found that this is
due to low-frequency improvements that greatly increase
the number of e↵ective cycles for certain GR modifica-
tions.
The work we have done can be used to extrapolate con-

clusions about design decisions, but certainly more work
could be done to refine the analysis and solidify the con-
clusions. One example would be to redo the study with a
Bayesian analysis instead of a Fisher analysis; we expect
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would be able to greatly shrink the allowed parameter
space. Projected constraints with NSNS systems lie out-
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phase that enters at 1PN order, as discussed in Sec. II.
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where D0 is given in Eq. 25 of [5] and �g is the wavelength
of the graviton.

Notice that in solving for a constraint on mg, one
must divide by the product of the luminosity distance
and the chirp mass. We thus expect that the gravi-
tational waves emitted from the most distant and the
most massive systems will lead to the most stringent con-
straints. This is indeed verified in Fig. 10, where we see

the best constraints come from space-based detectors,
which can observe supermassive black hole mergers at
Gpc distances. These constraints can be as much as 2–3
orders of magnitude better than the best constraints with
third-generation ground based detectors. All of these,
nonetheless, are as much as 5 orders of magnitude better
than current constraints with aLIGO, rapidly approach-
ing the scale at which a mass of the graviton could be
comparable to the cosmological constant (⇠ 10�31eV).

VI. FUTURE DIRECTIONS

We have investigated the constraints we will be able
to place on deviations from GR with future space- and
ground-based detectors. We found that constraints can
improve by more than an order of magnitude as one
compares future ground-based instrument observations
to current aLIGO bounds. These improvements, how-
ever, become much closer to those provided by space-
based instruments when considering the future genera-
tion detectors. We also quantified the degree to which
improvements in di↵erent bands of the sensitivity noise
leads to improvements in constraints of GR, finding that
modest low-frequency improvements can have large ef-
fects while high-frequency improvements typically have
lesser, but still substantial, e↵ects. We found that this is
due to low-frequency improvements that greatly increase
the number of e↵ective cycles for certain GR modifica-
tions.
The work we have done can be used to extrapolate con-

clusions about design decisions, but certainly more work
could be done to refine the analysis and solidify the con-
clusions. One example would be to redo the study with a
Bayesian analysis instead of a Fisher analysis; we expect
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FIG. 7. (Color Online) Projected constraints on the magni-
tude of the time variability of Newton’s constant G as a func-
tion of instrument. Future generation detectors will be able
to place constraints up to 12 orders of magnitude more strin-
gent than design aLIGO, with space-based detec tors beating
ground-based by as much as 7 orders of magnitude. Current
constraints are about 10�13/yr [33–35], shown with a dashed
horizontal line near the bottom of the figure.

C. Local Lorentz Symmetry Violation

In Lorentz violating theories, a vector field is intro-
duced that carries additional energy away from the inspi-
raling binaries, inducing modifications that enter at -1PN
order. These corrections, however, depend on the di↵er-
ence of the compact object sensitivities, which are not
known for black holes. We will thus here estimate future
constraints on Lorentz violating e↵ects using the sensi-
tivities calculated for neutron stars (the sensitivities of
which have been calculated) through the next-to-leading
order term in the phase, which enters at Newtonian or-
der, as explain in Sec. II. Once more, the gravitational
wave can be modeled as in Sec. III A with
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(e.g. c± in the Einstein-Æther case) and that since these
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binary’s system parameters required in the conversion.
We thus expect a relatively simple two-dimensional map-
ping between � and the coupling constants of the theory,

FIG. 8. (Color Online) Projected constraint regions on the
coupling parameters of khronometric theory. The region be-
low the solid black line, the region to the right of the dashed
black line, and the region above the dotted black line con-
tain values of (�KG, �KG) that violate certain stability con-
straints [13, 107, 108], binary pulsar constraints [38, 39], and
cosmological constraints [10, 109–111] respectively. The re-
gions above and to the right of the di↵erent color lines corre-
spond to values of (�KG, �KG) that would be ruled out with
future gravitational wave observations using di↵erent ground-
based instruments. The EMRI and IMRI lines correspond to
future projected constraints with LISA, while the CE and
ET-D lines correspond to future projected constraints with
GW150914-like observations.

as shown in Fig. 9. Observations of some black hole in-
spirals and mergers with space-based detectors do best
at constraining these modifications because they are able
to see the merger phase, which breaks a chirp mass-total
mass degeneracy in parameter estimation (see also dis-
cussion in [112, 113]). However, ground-based detectors
become competitive with space-based detectors when one
considers binary black hole systems. The ground-based
constraints provided by the observation of neutron star
inspirals (solid lines in Fig.9) do not include the merger
phase5 in this study, as described in Sec. III A.
Similarly to Einstein-Æther, khronometric gravity in-

troduces modifications to GR at Newtonian order, and
thus we expect black hole observations of the merger
(with both space- and ground-based detectors) to do bet-
ter than ground-based observations of neutron star in-
spirals6. The gravitational wave can be modeled as in

5
The merger of binary neutron stars occurs at kHz frequencies

where the detectors are less sensitive and where the simple Phe-

nomD waveform model would not be accurate.
6

Note that the constraints that we find are roughly one order

of magnitude worse that what was found in [81]. This is due

to a di↵erence in waveforms used when performing the Fisher

Analysis. In this paper, we use the spin-dependent PhenomD

waveform model, as described in Sec. II–III A, while in [81] the

Taylor F2 model was used.

b = -5/3
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FIG. 5. (Color Online) Projected constraints on the strength
of dipolar emission �ĖDip as a function of instrument. Cur-
rent constraints on dipole radiation from the low mass X-ray
binary pulsar are given by the horizontal dashed yellow line.
The vertical lines represent the variability of the constraint
within the class of systems considered. Observe the the pro-
jected constraints are 4–5 orders of magnitude stronger than
the current bound (which is given by the low-mass X-ray bi-
nary [106]), and that those obtained with third-generation
ground-based detectors are comparable to those obtained with
space-based detectors.

B. Anomalous Accelerations, Large Extra
Dimensions and Time-Varying Fundamental

Constants

The existence and size of a single large extra-dimension
introduces a leading-order modification to the gravita-
tional wave phase that enters at -4PN order, as described
in Sec. II. In this case, however, constraints are only pos-
sible when at least one of the binary components is a
black hole, as otherwise there is no leakage into the ex-
tra dimension. In this study, we only consider black hole
binaries as a generalization. As before, the gravitational
wave can then be modeled as in Sec. IIIA with

� =
dm

dt

25

851968

✓
3� 26⌘ + 34⌘2

⌘2/5(1� 2⌘)

◆
, b = �13 (21)

where dm
dt ⌘ ṁ = ṁ1 + ṁ2 and

ṁa = �2.8⇥ 10�7

✓
M�
Ma

◆2✓ `

10µm

◆2

M� yr�1 (22)

where, in this case, Ma is the mass of one of the black
holes and ` is the size of the large extra dimension that
we are interested in constraining.

Because the modification enters at negative PN order
as in the case of dipole radiation, we expect the best

constraints on � to come from gravitational waves emit-
ted by widely separated systems. However, the mapping
above shows that any constraint on ṁ will be enhanced
by a factor of ⌘2/5, thus suggesting that the systems with
most extreme masses will lead to the best constraints. In-
deed, as seen in Fig. 6, the best constraints are obtained
with EMRI systems detected with space-based detectors.
These constraints are approximately comparable to cur-
rent constraints [28–32], but 7 orders of magnitude better
than the best constraints achievable with ground-based
detectors.
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FIG. 6. (Color Online) Projected constraints on the size of
a large extra dimension as a function of instrument. Current
constraints on ` are between 10 and 103 µm (see Table I) as
shown with horizontal dashed lines. Observe that EMRIs can
place constraints on the size of a large extra dimensions that
are ⇠ 1012 orders of magnitude more stringent than those
placed with SMBHs, and that these constraints are roughly
competitive with current constraints.

The time-variability of Newton’s constant G can also
be constrained by studying a -4PN order deviation from
GR. As discussed in Sec. II, the ppE mapping is in this
case

� =
25

65526

Ġz

G
Mz , b = �13 , (23)

which then suggests that systems with large chirp mass
(due to the �–Ġ mapping) and those that are widely
separated (due to the negative PN correction) will place
the most stringent constraints. This is indeed reflected
in Fig. 7, where we see the best constraints come from
EMRI systems, which are 4–6 orders of magnitude bet-
ter than the best constraints we can place with third-
generation ground-based detectors. Since current con-
straints on Ġ are 10�13/yr [33–35], none of these will be
directly competitive.

Dipole radiation, b = -7/3
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tive PN orders relative to what we can do with aLIGO
at design sensitivity. ET-D is more sensitive than CE at
low-frequencies, and thus, it allows for the most strin-
gent constraints on negative PN order modifications to
GR relative to those we can obtain with design aLIGO.
Voyager’s increased sensitivity in the mid and high fre-
quencies has a fractional improvement that is similar to
that obtained with the lower- and right-wall models.

V. THEORETICAL PHYSICS IMPLICATIONS

Experimental relativity consists of more than just car-
rying out null-hypothesis tests and constraining generic
deviations from GR. A crucial next step is to use such
constraints to make inferences on modified gravity mech-
anisms that, since GR has been confirmed, cannot be
active in the extreme gravity regime. In this section, we
will map the constraints on the ppE parameters derived
in the previous section to constraints on the magnitude
of certain corrections to the pillars that GR rests on, as
described in Sec. II. We will enhance the study of the
previous section by considering more than a single char-
acteristic source per class, and instead consider 3 sources
per class, which will allow us to show a range of possi-
ble inferences. We will then explore how these inferences
change as a function of the instrument used.

A. Presence of Dipole Radiation

If the orbit of compact binaries decays faster than pre-
dicted in GR due to the emission of dipole radiation, the
gravitational wave phase will acquire a leading-order cor-

rection that enters at -1PN order, as described in Sec. II.
The modified waveform can then be modeled as described
in Sec. III A with the ppE mapping:

� = � 3

224
�ĖDip⌘

2/5 , b = �7 . (20)

Therefore, for a given constraint on �, we obtain stronger
constraints on �ĖDip if the signal accumulates significant
SNR at lower frequencies, i.e. when the gravitational
wave producing binary is widely separated. Indeed, as
seen in Fig. 5, the LISA configurations give the best con-
straints using GW150914-type and EMRI systems, while
ground based detectors do best with neutron star binary
systems. In both cases, the constraints are roughly 4–5
orders of magnitude stronger than the current bound ob-
tained from observation of low-mass X-ray binaries [106].
We also see that dipole radiation can be constrained

comparably well with future ground-based and space-
based instruments, although we see that the former can
do better than the latter in the best case by roughly one
order of magnitude. This seems to contradict the con-
straints on � shown in Fig. 2, which at -1PN order are
roughly the same with EMRIs and neutron star binaries,
the best space- and ground-based systems at this PN or-
der respectively. The reason space-based detectors do
worse is that in converting the constraint on � to a con-
straint on �ĖDip, one must divide by ⌘2/5 which induces
a suppression in the EMRI case, but barely a↵ects the
neutron star case.



❖ Energy loss: inspiral rate could differ from quadrupole formula prediction 
due to, e.g., dipole radiation in scalar-tensor gravity.

❖ Can translate into bound on Brans-Dicke theory. Best bounds from NS+MBH 
or SOBH inspirals.

!BD > 2⇥ 104
✓

S

0.3

◆✓
100

��D

◆✓
T

1yr

◆ 7
8
✓
104M�
M•

◆ 3
4

<latexit sha1_base64="CPbZ8fCEIj1ZBMdVj+Uy3GkHqkc="></latexit><latexit sha1_base64="CPbZ8fCEIj1ZBMdVj+Uy3GkHqkc="></latexit><latexit sha1_base64="CPbZ8fCEIj1ZBMdVj+Uy3GkHqkc="></latexit><latexit sha1_base64="CPbZ8fCEIj1ZBMdVj+Uy3GkHqkc="></latexit>

Dipole radiation



Modified propagation speed
❖ Propagation: in GR GWs travel at the speed of light. Constrain “graviton 

mass” using GW observations.

❖ Can parameterise the modified dispersion relation in different ways, e.g.,

❖ Or the form popular in a cosmological setting

❖ Constraints come from observation of EM counterparts to GW observations 
and (lack of) dispersion in GW chirps. Current LIGO constraints from 
GW170817 and GW150914 are quite similar.

3

other model-independent tests. Section VII discusses as-
trophysical systematics, while Sec. VIII covers waveform
systematics. Section IX summarizes and concludes with
an outlook to the future. Henceforth, we employ geomet-
ric units when needed, in which G = 1 = c and we follow
the conventions of [3].

I. MODIFIED DISPERSION RELATIONS AND
THE SPEED OF GRAVITY

According to Einstein’s theory, GWs obey the disper-
sion relation !

2 = kik
i, with the contraction done with

the flat Euclidean metric. This then immediately implies
that the group and the phase velocity of GWs are the
speed of light. Modified theories of gravity, in particu-
lar those that attempt to unify quantum mechanics and
GR, sometimes lead to di↵erent dispersion relations of
the form

!
2 = kik

i +
m

2
g

~2 +A(kik
i)↵ , (1)

where mg is a hypothetical mass for the graviton, ↵ 2

R\{0} determines the type of modification introduced,
and A controls its magnitude. This expression should be
thought of as approximate, in the limit that m2

g/~2 ⌧ k
2

and A ⌧ k
2�↵.

The parametrization of the correction to the propaga-
tion of GWs presented in Eq. (1) is obviously not unique,
and other parameterizations have been considered in the
literature, especially in the context of cosmology [4–7].

A commonly used parameterization is

!
2 + iH! (3 + ↵M ) = (1 + ↵T ) kik

i
, (2)

where we are here considering waves propagating in a
cosmological background with Hubble parameter H. A
more detailed discussion on these assumptions and con-
sequences for black-hole properties can be found in [8].

Clearly, ↵T = A when ↵ = 1, and it controls the
speed of GWs. The parameter ↵M is not included in
Eq. (1), and it controls the rate of dissipation of GWs
(see e.g. [9]). Both parameterizations have advantages
and disadvantages. For example, Eq. (1) allows one to
constrain a kinematical graviton mass, while Eq. (2) does
not, whereas Eq. (2) allows one to test the rate of GW
dissipation, while Eq. (1) does not.

A modification of this type clearly leaves an imprint
on the GWs that arrive on Earth, but this imprint is due
to modifications in the propagation of the waves, and not
modifications in their generation. One can think of this
modification as a correction to the graviton propagator
in quantum field theory language. Given this, one can in
principle modify any wave generation scheme by simply
modifying the way the GWs propagate from the source
to the detector on Earth in vacuum. For a more detailed
review of the way this modification a↵ects the response
function, see [10, 11].

The best systems to constrain these modifications are
those that are as far away as possible from Earth, which
reduces to SMBHBs (see e.g. [12]). This is because modi-
fications to the propagation of GWs accumulate with dis-
tance traveled. In addition, constraints on the mass of
the graviton are also enhanced for supermassive systems
because the correction scales with the chirp mass. For
↵ > 1, however, the opposite is true, with constraints de-
teriorating as an inverse power of the chirp mass [10, 11].
A confirmation of the dispersion relation of GR could

place constraints on theories with extra dimensions or
quantum-inspired Lorentz violation (both predict ↵ = 2),
and on modified gravity models that attempt to explain
the late-time acceleration of the universe (that predict
↵ = 0 and mg 6= 0). An important distinction should
be made, however, regarding the speed of gravity. Typi-
cally, when we refer to the speed of gravity, we mean the
constant coe�cient in front of the first term on the right-
hand side of Eq. (1). This constant cannot be measured
precisely with only GWs detected with a space-based in-
strument or multiple ground-based detectors [13, 14]. In-
stead, its precise determination requires an electromag-
netic coincident observation [15]. Therefore, constraints
on the speed of gravity are typically only possible with
neutron star binaries or black hole-neutron star bina-
ries that induce an electromagnetic signal when consider-
ing ground-based detectors, and with supermassive black
hole mergers when considering space-based detectors [16].
EMRIs in which a neutron star falls into a supermas-
sive black hole will not lead to tidal disruption outside
the horizon of a supermassive black hole due to the lat-
ter’s mass, thereby decreasing the chances to generate
detectable electromagnetic signals. LIGO-Virgo obser-
vations have already constrained the speed of gravity to
better than one part in 1015 [15].
The current status on the development of models for

this type of test is mostly complete. Not included above
is the possibility to have an anisotropic dispersion rela-
tion, for example due to preferred frame e↵ects; a clas-
sification of such anisotropic e↵ects from the viewpoint
of e↵ective field theory can be found in [17, 18]. Mod-
ifications to the propagation of the GW can be imple-
mented a posteriori after the wave generation problem
has been solved. Typically, the propagation modification
is modular and can be implemented on any model in typ-
ically a straightforward way. Additional work could be
devoted to verifying the validity of such an implementa-
tion in regimes where the stationary phase approximation
breaks down.

II. VIOLATIONS OF THE EQUIVALENCE
PRINCIPLE AND FUNDAMENTAL

SYMMETRIES

The equivalence principle has been a guiding principle
in gravitation for centuries. In Newton’s original formu-
lation it refers to the equivalence between inertial mass
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FIG. 9. (Color Online) Projected constraint regions placed by ground-based (left) and space-based (right) detectors on the
coupling parameters of Einstein-Æther theory for various systems. The region above the black solid line excludes values of
(c+, c�) that violate certain stability constraints [13, 107, 108]. All values of (c+, c�) outside of the darker grey region are
ruled out by binary pulsar observations [38, 39]. The regions above and to the right of the colored lines correspond to values
of (c+, c�) that would be ruled out with future gravitational wave observations using di↵erent ground-based instruments.

Sec. III A with:

� =� 3

128

✓
1� ↵KG

2

◆
(AKG,1 + SAKG,2 + S2AKG,3)

�
,

b =� 5 (25)

where ↵KG = 2�KG, AKG,1 can be found in Eq. (91) of [81],
and A

KG,2/3 can be found in Eqs. (121) and (122) of [39].
As before, observations of black hole inspirals and merg-
ers do best at constraining these modifications. We see in
Fig. 8 that constraints with future space-based detectors
would be able to greatly shrink the allowed parameter
space. Projected constraints with NSNS systems lie out-
side of the bounds of this plot.

D. Massive Graviton

A special relativistic modification to the dispersion re-
lation of gravitational waves to include a mass for the
graviton introduces a correction in the gravitational wave
phase that enters at 1PN order, as discussed in Sec. II.
With the waveform model of Sec. III A, the ppE mapping
is then

� =
⇡2 D0 Mz

�2
, b = �3 (26)

where D0 is given in Eq. 25 of [5] and �g is the wavelength
of the graviton.

Notice that in solving for a constraint on mg, one
must divide by the product of the luminosity distance
and the chirp mass. We thus expect that the gravi-
tational waves emitted from the most distant and the
most massive systems will lead to the most stringent con-
straints. This is indeed verified in Fig. 10, where we see

the best constraints come from space-based detectors,
which can observe supermassive black hole mergers at
Gpc distances. These constraints can be as much as 2–3
orders of magnitude better than the best constraints with
third-generation ground based detectors. All of these,
nonetheless, are as much as 5 orders of magnitude better
than current constraints with aLIGO, rapidly approach-
ing the scale at which a mass of the graviton could be
comparable to the cosmological constant (⇠ 10�31eV).

VI. FUTURE DIRECTIONS

We have investigated the constraints we will be able
to place on deviations from GR with future space- and
ground-based detectors. We found that constraints can
improve by more than an order of magnitude as one
compares future ground-based instrument observations
to current aLIGO bounds. These improvements, how-
ever, become much closer to those provided by space-
based instruments when considering the future genera-
tion detectors. We also quantified the degree to which
improvements in di↵erent bands of the sensitivity noise
leads to improvements in constraints of GR, finding that
modest low-frequency improvements can have large ef-
fects while high-frequency improvements typically have
lesser, but still substantial, e↵ects. We found that this is
due to low-frequency improvements that greatly increase
the number of e↵ective cycles for certain GR modifica-
tions.
The work we have done can be used to extrapolate con-

clusions about design decisions, but certainly more work
could be done to refine the analysis and solidify the con-
clusions. One example would be to redo the study with a
Bayesian analysis instead of a Fisher analysis; we expect
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FIG. 10. (Color Online) Projected constraints on the mass of
the graviton as a function of instrument. Notice that SMBH
binary systems, which are both the most massive and most
distant binary systems considered, can constrain the mass of
the graviton up to ⇠5 orders of magnitude more stringently
than current bounds.

this will have a small e↵ect on our conclusions because
most of the signals considered have very large signal-to-
noise ratio. Another example would be to quantify the
systematic errors induced by our approximate waveform

modeling in their impact of constraints on deviations of
GR; we expect this will also have a small e↵ect for bi-
naries that are widely separated, but the modeling must
certainly be improved when considering EMRIs or to in-
clude the e↵ects of spin precession. One could also con-
sider the e↵ect of stacking multiple signals on the con-
straints derived here [99]; we expect this to improve the
constraints by a factor of roughly N1/2 when stacking N
signals, but this could a↵ect space- and ground-based in-
struments di↵erently as they may detect a very di↵erent
number of sources (since they observe very di↵erent pop-
ulations). A final simple extension would be to consider
constraints with multi-wavelength observations (i.e., with
both ground- and space-based detectors); given the anal-
ysis in [26], we expect multi-wavelength observations to
improve constraints by a factor of a few.
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❖ Can also combine data from multiple events to strengthen the constraints. 
Bounds of the order                                                  are possible.�g = h/mg > few ⇥ 1016km
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FIG. 3. Distribution of combined bounds over 1000 realiza-
tions of the MBH population. Linestyles are as in Fig. 2.

than the average bound obtained from typical observa-
tions. A rough estimate would suggest that N identical
sources should provide a bound ∼

√
N times better than

the bound from a single source. Our combined bound
is typically about 3 times better than the bound from
the best event, but the median bound is typically an or-
der of magnitude worse than the best, and hence ∼ 30
times worse than the combined bound. A typical realisa-
tion has ∼ 50 events, so our analysis shows that we can
beat the

√
N extrapolation from the median bound by

a considerable margin. If 5/6 links (two Michelsons) are
available instead of 4 links (one Michelson), the bound
typically improves by a factor ∼

√
2.

III. CONCLUSIONS AND OUTLOOK.

We assessed the capability of future space-based in-
terferometers, such as “Classic LISA” and the proposed
ESA-led “New LISA”, to constrain the mass of the gravi-
ton by combining observations of a population of massive
BH binaries. We found that: (1) by using a population
of merging BH binaries we can obtain a bound on λg that
is ∼ 10 times better than the mean bound on individual
observations; (2) quite independently of the detector’s
design and of details of the massive BH formation mod-
els, the combined bound from inspiral observations will
be λg ≃ 3 × 1016 km. This figure is likely to under-
estimate the bound achievable in practice by about one
order of magnitude, as we have ignored the merger and
ringdown portion of the waveform [24], but further work
is required to confirm this expectation.
In conclusion, space-based observations of a popula-

tion of merging BHs should set bounds in the range
λg ∈ [2× 1016 , 1018 km] on the graviton Compton wave-
length, depending on details of the detector and on the
specific waveform model used to set the bounds. This is
comparable to the (static and model-dependent) bounds
from cosmological-scale observations quoted in Table I
but it is very different in nature, because gravitational
radiation tests the dynamical regime of Einstein’s gen-
eral relativity.
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Tests of gravitational physics
❖ Polarisation: in GR there are only two GW polarisation states - plus and 

cross, but four additional states are possible in metric theories.
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Tests of gravitational physics
❖ Polarisation: in GR there are only two GW polarisation states - plus and 

cross, but four additional states are possible in metric theories.
- At frequencies greater than one over the light travel time, LISA is ten 

times more sensitive to scalar-longitudinal and vector modes than scalar-
transverse and tensor modes.
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Dark matter candidates: bosons
❖ Ultra-light boson fields                           are subject to super-radiant 

instability, leading to formation of boson condensates outside black 
holes. These produce GW backgrounds when they dissipate.

2

instability, which leads the BH from an initial state (Mi, Ji)
to a final state (M, J), and we thus compute the root-mean-
square strain amplitude h using the final BH parameters. By
averaging over source and detector orientations we get

h =

r
2

5⇡

GM

c2r

✓
MS

M

◆
A(�, fsM) , (3)

where r is the (comoving) distance to the source, the masses
are in the source frame, and the dimensionless function
A(�, fsM) is computed from BH perturbation theory [40,
42]. Our results are more accurate than the analytic approxi-
mations of [35, 36]. It can be shown that MS scales linearly
with Ji [40], so h also grows with Ji. For LISA, we also
take into account correction factors due to the detector ge-
ometry [43]. In the detector frame, Eq. (3) still holds if the
masses M and MS are multiplied by (1 + z), r is replaced
by the luminosity distance, and the frequency is replaced by
the detector-frame frequency f = fs/(1 + z). Nevertheless,
one needs to use detector-frame frequencies when comparing
to the detector sensitivity.

In semicoherent searches of monochromatic sources, the
signal is divided in N coherent segments of time length Tcoh,
and we have hthr ' 25N�1/4

p
Sh(f)/Tcoh, where hthr is

the minimum root-mean-square strain amplitude detectable
over the observation time N ⇥ Tcoh [44], and Sh(f) is the
noise power spectral density (PSD) at f [45].

In Fig. 1 we compare the GW strain of Eq. (3) with the
PSDs of LISA and Advanced LIGO at design sensitivity. The
GW strain increases almost vertically as a function of !R ' µ

in the superradiant range (0,⌦H). Thin solid curves corre-
spond to the stochastic background from the whole BH popu-
lation, for a boson mass ms. This background produces itself
a “confusion noise” when ms ⇡ [10�18

, 10�16] eV, compli-
cating the detection of individual sources. Figure 1 suggests
that bosons with masses 10�19 eV . ms . 10�11 eV (with
a small gap around ms ⇠ 10�14 eV, which might be filled
by DECIGO [46]) could be detectable by LIGO and LISA.
Below we quantify this expectation.
BH population models. Assessing the detectability of these
signals requires astrophysical models for BH populations. For
LISA sources, the main uncertainties concern the mass and
spin distribution of isolated BHs, the model for their high-
redshift seeds, and their accretion and merger history. We
adopt the same populations of [48, 49], which were based on
the semianalytic galaxy formation calculations of [50] (see
also [51–53]). In our optimistic model, we use these cal-
culations to infer the redshift-dependent BH number density
d
2
n/(d log10 Md�). The spin distribution is skewed toward

�i ⇠ 1, at least at low masses [51]. We also adopt less op-
timistic and pessimistic models with mass function given by
Eqs. (5) and (6) of [49] for z < 3 and 104M� < M <

107M�, whereas for M > 107M� we use a mass distribu-
tion with normalization 10 and 100 times lower than the opti-
mistic one. In both the less optimistic and pessimistic models
we assume a uniform spin distribution in the range �i 2 [0, 1].

��-���-���-���-���-� ��� ��� ��� ��� ���
��-��
��-��
��-��
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FIG. 1. GW strain produced by BH-boson condensates compared to
the Advanced LIGO PSD at design sensitivity [47] and to the non-sky
averaged LISA PSD [12] (black thick curves), assuming a coherent
observation time of Tobs = 4yr in both cases. Nearly vertical lines
represent BHs with initial spin �i = 0.9. Each line corresponds to
a single source at redshift z 2 (0.001, 3.001) (from right to left, in
steps of �z = 0.2), and different colors correspond to different boson
masses ms. Thin lines show the stochastic background produced by
the whole population of astrophysical BHs under optimistic assump-
tions (cf. main text for details). The PSD of DECIGO [46] (dashed
line) is also shown for reference.

The LIGO stochastic GW background comes mostly from
extra-galactic stellar-mass BHs, which were ignored in previ-
ous work [37]. Here we model these sources using the semi-
analytic galaxy evolution model of [54]. The BH formation
rate as a function of mass and redshift reads

dṅeg

dM
=

Z
dM? [t� ⌧(M?)]�(M?)�[M? � g

�1(M)] ,

(4)
where ⌧(M?) is the lifetime of a star of mass M?, �(M?)
is the stellar initial mass function,  (t) is the cosmic star for-
mation rate (SFR) density and � is the Dirac delta. We fit the
cosmic SFR as described in [55] and calibrate it to observa-
tions of luminous galaxies [56, 57]. We assume a Salpeter
initial mass function �(M?) / M?

�2.35 [58] in the range
M? 2 [0.1 � 100]M�, and take stellar lifetimes from [59].
We also follow the production of metals by stars [60] and the
resulting enrichment of the interstellar medium, which affects
the metallicity of subsequent stellar generations. The func-
tion g(M?) relates the initial stellar mass M? and the BH
mass M , and encodes the BH formation process. In general,
the mass of the BH formed from a star with initial mass M?

depends on the stellar metallicity [61] and rotational velocity
[62], as well as interactions with its companion if the star be-
longs to a binary system. We assume that all stellar-mass BHs
are produced from isolated massive stars after core collapse,
and calculate the BH mass for a given M? and metallicity us-
ing the analytic fits for the “delayed” model of [63]. Through
the metallicity, the function M = g(M?) is implicitly a func-
tion of redshift. Since this model does not predict the initial
BH spins, we assume a uniform distribution and explore dif-
ferent ranges: �i 2 [0.8, 1], [0.5, 1], [0, 1] and [0, 0.5].

µ ⇠ ! < m⌦H
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FIG. 1. Exclusion regions in the BH mass-spin plane (Regge plane) for a massive scalar field. For each mass ms, the instability threshold is
obtained by setting the superradiant instability time scales for l = m = 1, 2, 3 equal to a typical accretion time scale, taken to be ⌧ = 50Myr

(see main text for details). Black data points (with error bars) are spin estimates of stellar and massive BHs obtained through the K↵ or
continuum fitting methods [37, 38]. Red data points are GW measurements of the primary and secondary BHs from the three LIGO detections
(GW150914, GW151226 and GW170104 [3, 4]). Blue, green and brown data points are projected LISA measurements under the assumption
that there are no light bosons for three different astrophysical black hole population models (popIII, Q3 and Q3-nod from [39]), as discussed
in the text. We assume a LISA observation time Tobs = 1yr, and to avoid cluttering we only show events for which LISA spin measurement
errors are relatively small (��/�  2/3). The top horizontal line is a frequency scale corresponding to the BH mass, f ⇡ µ/⇡ with
µ ⇠ 0.2/M as a reference value.

exist when the dimensionless spin � ⌘ a/M is above an in-
stability window centered around values of order unity of the
dimensionless quantity [16, 17]

2GMms

c~ = 1.5
M

106M�

msc
2

10�16eV
. (1)

Typical instability windows for selected values of ms are
shown as shaded areas in Fig. 1, which shows the spin versus
mass plane. These instability windows are obtained by requir-
ing that the instability acts on timescales shorter than known
astrophysical processes such as accretion, i.e. we require that
the superradiant instability time scales for scalar field pertur-
bations with l = m = 1, 2, 3 are shorter than a typical accre-
tion time scale, here conservatively assumed to be the Salpeter
time scale defined below for a typical efficiency ⌘ = 0.1 and
Eddington rate fEdd = 1 [cf. Eq. (51)].

In Fig. 1, black data points denote electromagnetic esti-
mates of stellar or massive BH spins obtained using either
the K↵ iron line or the continuum fitting method [37, 38].
Roughly speaking, massive BH spin measurements probe the
existence of instability windows in the mass range ms ⇠

10
�19–10�17 eV. For stellar-mass BHs, the relevant mass

range is ms ⇠ 10
�12–10�11 eV. Red data points are LIGO

90% confidence levels for the spins of the primary and
secondary BHs in the three merger events detected so far
(GW150914, GW151226 and GW170104 [3, 4]). For LIGO
BH binaries accretion should not be important. In such case,
our choice for the reference timescale tS is conservative: more
accurate and stringent constraints can be imposed by compar-
ing the instability timescale with the Hubble time or with the
age of the BHs. On the other hand, in Fig. 1 we do not include
the remnant BHs detected by LIGO because the observation
time scale of the latter is obviously much shorter than the
superradiant instability time scale, and therefore post-merger
observations can not be used to place constraints on the boson
mass.

Blue, green and brown data points are projected LISA mea-
surements for three different astrophysical black-hole popula-
tion models (popIII, Q3, Q3-nod) from [39], assuming one
year of observation. The main point of Fig. 1 is to high-
light one of the most remarkable results of this work: LISA
BH spin measurements cover the intermediate mass range
(roughly ms ⇠ 10

�13–10�16 eV, with the lower and up-



Dark matter candidates: bosons
❖ Can also see lead resonant depletion of boson clouds during binary 

inspirals, e.g., EMRIs.
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FIG. 2. Left: Averaged occupation number |c
(h)

d
|
2 for hyperfine transitions of scalar clouds in BH binaries with mass ratio q = 105 and

gravitational fine structure constant ↵ = 0.2. Black lines refer to circular orbits; red, dashed lines and blue, dash-dotted lines refer to eccentric
orbits with e(0) = 0.1 and e(0) = 0.5, respectively. For computational purposes we start the orbit at ⌦(0) = 0.9✏h/2. When e(0) , 0,
resonances can occur whenever k⌦ = 2✏h , with k � 1 an integer. The contribution of the di�erent resonances to cloud depletion depends
strongly on e(0). Right: averaged occupation number |c(b)

d
|
2 for Bohr transitions of counterrotating orbits with q = 10�2 and ↵ = 0.1.

where aSM is the semi-major axis, related to the mean orbital
frequency via Kepler’s third law

aSM =

✓
M + M⇤

⌦2

◆1/3
. (28)

The cosine of the orbital phase can also be expanded in a
Fourier series (see e.g. [34]):

cos�⇤ = �e +
2
e
(1 � e

2
)

1’
j=1

Jj( je) cos jl . (29)

As in the quasi-circular case, we only consider binary sep-
arations greater than the critical (Roche) radius at which mass
transfer from the cloud to the companion becomes important.
Ref. [35] found that in the presence of nonzero eccentricity
the Roche radius in Eq. (15) increases by a factor (1 � e)

�1.
However gravitational radiation reaction tends to circularize
the orbit, and for the orbits considered here the eccentricity is
small enough that Eq. (15) is still a very good estimate of the
Roche radius.

We now have all the necessary ingredients to generalize
the calculation of the occupation densities to eccentric orbits.
As in the circular case, let us focus on equatorial orbits and
on two-state systems, which (as argued above) describe very
well the resonances of interest. In the interaction picture, the
wavefunction of the cloud is therefore a linear combination

| (t)i = cg(t)| gi + cd(t)| di , (30)

where g and d denote the growing and the decaying mode,
respectively, and again |cg(t)|

2 + |cd(t)|
2 = 1. In the nonrel-

ativistic limit, and for generic equatorial orbits, the evolution
of the coe�cients c ⌘ (cg, cd)T is described by the following
Schrödinger equation [cf. Eq. (3.21) of [25] and Appendix B]:

i
dc
dt
=

✓
0 A⌘(t)e�i�m�⇤(t)+it�!

A⌘(t)e+i�m�⇤(t)�it�! 0

◆
c , (31)

where A = 9 for the hyperfine resonance and A = �7.6 for the
n = 3 Bohr resonance described above. Below we restrict to
those resonances and define a parameter ✏ = �!/�m, which
is given by Eq. (18) for the hyperfine and Bohr transitions.

This system can be written as a single second-order di�er-
ential equation for cd(t) by taking the derivative of Eq. (31),
and by eliminating cg(t) and its derivative from the system.
After some algebra we find

‹cd = �A
2⌘2

cd + €cd

✓
€⌘

⌘
� 2i(✏ � €�⇤)

◆
, (32)

where a dot denotes a derivative with respect to t. We can
further simplify this equation by writing

cd(t) = e
�i[✏ t+B(t)]

C(t) , (33)

where B(t) = B0 � �⇤(t) + i log[⌘(t)]/2 and B0 is an arbitrary
integration constant. Without loss of generality we require
B(0) = 0 and therefore B0 = �⇤(0) � i log[⌘(0)]/2. The
evolution of the system can be schematically written as

‹C(t) + V(t)C(t) = 0 , (34)

where the explicit functional form of V(t) is given in Ap-
pendix C. For circular orbits V(t) simplifies to V(t) = �2

R
,

where �R is the Rabi frequency defined by

�R =

q
(A⌘0)2 + (✏ ±⌦)2 , ⌘0 = ↵

�3
✓

q

aSM

◆ ✓
M

aSM

◆2
,

(35)
and one can easily recover the solutions first derived in
Ref. [25] and discussed above, after imposing the initial con-
dition C(0) = 0 and an initial condition for €C(0) that can be
easily found by imposing cg(0) = 1 in Eq. (31).

For generic eccentricities, solutions must be found numer-
ically for given values of the orbital frequency ⌦ and of the
eccentricity e. Approximate analytical solutions can be found



Dark matter candidates: primordial BHs
❖ Primordial BHs formed directly in the early Universe will generate 

GWs. Direct detection of these black holes possible as SOBHs. LISA 
measurements of eccentricity crucial for identifying primordial origin.

Cholis et al. (2016)

5

minimum impact parameter

bmin(w) =
p
12mtotw

�1

=
p
12

✓
3

340⇡⌘

◆1/7

w2/7bmax(w). (21)

The fraction of binary formation event that are direct
plunges is therefore of order

(bmin/bmax)
2 ⇠ 12

✓
3

340⇡⌘

◆1/7

v4/7DM

⇠ 1% (vDM/20 km s�1)4/7. (22)

Numerically, we find that for PBHs of 30 M� residing in
106 (109, 1012) M�/h 0.3% (1.3%, 4%) of the interactions
for which Ef < 0 fall in that category.

Figs. 1-4 do include those plunges. To search for such
events, a better understanding of the expected signals is
needed, most likely through numerical-relativity simula-
tions. In the remainder of the paper we exclude such
plunge events when referring to BH binary mergers.

C. Final eccentricities

Following the binary evolution until the last stable or-
bit of 6RSch, we derive their final eccentricity distribution
in Fig. 5. We show the distributions of eccentricities for
three different pericenter distances. These are at 22, 14
and 6 RSch. We choose 22 RSch as this is the distance
at which we estimate the binary to enter the LIGO band
of observations: a pair of 30 M� BHs will merge at an
orbital frequency of ' 35Hz (' 70 Hz for the quadrupole
mode). LIGO at final design will be able to detect down
to orbital frequencies of 5 Hz (or quadrupole frequencies
of 10 Hz). Thus LIGO with enough sensitivity can ob-
serve such a system’s orbital period evolution out to a fac-
tor of 7. Using Kepler’s third law of motion, this results
in a semi-major axis evolution by a factor of 72/3 = 3.7.
For fixed eccentricity, the pericenter distance will evolve
by the same factor; i.e from 3.7⇥ 6 = 22 RSch to 6 RSch.
Realistically, since the eccentricity will also be reduced,
the evolution in the pericenter distance is smaller. The
value of 14 RSch is thus also presented as an intermediate
case.

Fig. 5 in combination with Fig. 4 suggests that binaries
in heavier DM halos retain their high values of eccentric-
ities due to their quick merger time ⌧m. The connection
between ⌧m and final eccentricity eLSO (e14, e22) can be
seen even more clearly in Fig. 6, where we plot contours
with the recurrence of these PBH binary properties. We
use 30 M� residing in 1012 M�/h DM halos. We have
checked that allowing the PBH mass to vary anywhere in
the range 20�40M� does not affect either the timescale
or the eccentricity results beyond the 10% level. Obser-
vationally, LIGO and future detectors will probe a com-
bination of all the narrow bands of Fig. 6, since it will be
difficult to define an eccentricity at a specific pericenter

Mvir=1012(M /h)
Mvir=109(M /h)
Mvir=106(M /h)

PDF of eccenticity at rp=22·RSch Orbit, e22, for PBH binaries
m1=m2=30·M⊙ ⊙

⊙
⊙

0.0 0.2 0.4 0.6 0.8 1.0
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P
D
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e 2
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P
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FIG. 5. The distribution of eccentricities at three different
pericenter distances for PBHs. The eccentricities e22, e14 and
eLSO refer to the orbital eccentricity when the pericenter dis-
tance rp is 22, 14 and 6 RSch, respectively, near enough to
enter the LIGO and ET observed frequency bands. As before,
we show results for three different host-halo masses. PBH bi-
naries in Milky Way-sized halos, although they have a much
lower formation rate, retain higher eccentricities up to the lat-
est stages (due to the smaller impact parameter required for
their formation). PBH binaries residing at 106 M�/h have a
⇠ 0.1% chance to remain in an eccentric orbit up to the late
stages.
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Scenario N �↵ �Mgap(M�) �Mcap(M�) �Ra (Gpc�3yr�1) �Rb ��

S/N > 8 and 1 years 440 0.41 0.24 27.29 43.46 3.65 0.42

S/N > 8 and 3 years 1330 0.23 0.14 15.75 25.09 2.11 0.24

S/N > 8 and 6 years 2670 0.17 0.10 11.14 17.74 1.49 0.17

S/N > 10/
p
2 and 6 years 3790 0.14 0.08 9.43 15.01 1.13 0.14

S/N > 8/
p
2 and 6 years 7050 0.11 0.06 7.87 11.85 0.72 0.11

TABLE I. Individual 1-� constraints on the BHMF, the merger rate and the mass ratio parameters, under different scenarios.
In addition to the standard criterion adopted by the LIGO collaboration of a signal-to-noise threshold per detector of 8, we also
consider thresholds of either 10 or 8 for two detectors combined. Lower thresholds yield larger statistical ensembles, obviously.
For comparison, fiducial values in our analysis were taken to be ↵ = 2.35, Mgap = 5M�, Mcap = 60M�, Ra = 99 Gpc�3yr�1,
Rb = 2 and � = 0. We treat 1 year of observation as 365 full days of data collection (duty cycle of unity).

FIG. 7. Top: Constraints on the merger rate parameters, us-
ing 1D and 2D data (marginalizing over the other parameters.
Bottom: The joint constraints for the mass-ratio power law
and the merger-rate power law, showing the strong degener-
acy, which is then broken quite effectively when using the 2D
information.

be done in the context of a galaxy evolution model, as
carried out in Ref. [88], for example. This model cur-

FIG. 8. The logarithmically-binned distribution of the mass
of the heavier component in BBH mergers, including mergers
of both stellar black hole and primordial black holes (with a
merger rate consistent with the assumption that they make
up all of dark matter in the Universe, see Ref. [39]).

rently assumes that the two masses in each binary have
independent distributions. It would be intriguing to gen-
eralize this method, accounting for different progenitor
scenarios and incorporating the corresponding expecta-
tions for the mass ratio, and then proceed to investigate
how well these models can be probed with future mea-
surements.

We have focused on mass measurements in this work,
neglecting the spin of the black holes3. There is definitely
motivation to consider how well the distribution of initial
spins of the merging black holes can be measured with

3
In calculating Eq. (7), we set ↵f , the final spin parameter (which

affects the result of zmax(M1,M2)), to 0.67 for all merger events.

Relaxing this assumption, however, has a negligible effect.

Kovetz et al. (2017)



Dark matter candidates: primordial BHs
❖ LISA will probe a previously poorly constrained mass range by (non?)-

observation of a stochastic GW background.

Bartolo et al. (2018)
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FIG. 1: Current experimental constraints on monochromatic
spectra of PBH at various masses (from Ref. [22] and refer-
ences therein). The PBH abundance shown as the red line
(corresponding to all of the dark matter) has been obtained
for As = 0.033 and k? = 2⇡fLISA in Eq. (6).

where the Laser Interferometer Space Antenna (LISA)

project [20] has the maximum sensitivity, fLISA ' 3.4

mHz, is M ' 10
�12

M�.

The serendipity is that around this mass current obser-

vational constraints on the PBH abundances are basically

absent [21], thus allowing fPBH (M) ' 1, see Fig. 1. In-

deed, the Subaru HSC microlensing measurements [23]

must be cut around 10
�11

M�, since below this mass the

geometric optics approximation is no longer valid [21, 24]:

the angular Einstein radius becomes much smaller than

the angular size of the star, and the magnification is then

too small to be detected [21, 24]. Neutron star limits

[25] are also not included as they depend on rather con-

troversial assumptions about the dark matter density in

globular clusters [21]. The curious reader can find a more

expanded discussion in Appendix A of Ref. [26].

It is an exciting coincidence that the optimal frequency

range for the LISA observatory corresponds to the mass

range where PBHs can account for all the dark matter.

In this letter we show that, if dark matter is composed of

PBHs of masses around 10
�12

M�, then LISA will mea-

sure the power spectrum of GWs inevitably associated

with the production of the PBHs. Furthermore, and de-

spite the fact that the generated GWs are intrinsically

non-Gaussian (their small-scale source is second-order in

the curvature perturbation), we show that the signal mea-

sured by LISA would be highly Gaussian. This is because,

as with other cosmological GW signals, a very large num-

ber of Hubble patches are observed over the resolution

area of LISA, giving strong central limit theorem Gaus-

sianisation [27]. We also comment on GW propagation in

the perturbed universe and primordial non-Gaussianity,

neither of which a↵ect the conclusion.

This short note contains only the main results; the

reader can find the technical details in Ref. [26].

PBHs as dark matter. From Eq. (4) we see that PBHs

of mass ⇠ 10
�12

M� will form all of the dark matter if

their corresponding mass fraction is �M ⇠ 6 ·10�15
. As a

benchmark example, we take the comoving curvature per-

turbation power spectrum (augmented by the standard

flat spectrum on large CMB scales) to be the limiting

case of a Dirac delta function

P⇣(k) = As k?�(k � k?). (6)

Assuming this spectrum has the huge advantage that we

can perform all the calculations analytically. Fig. 1 shows

the corresponding abundance of PBHs for a represen-

tative choice of parameters. We take k?RH ' 1 and

�c ' 0.45. The precise value of the threshold depends

on the shape of the power spectrum [11], but this does

not much alter the value of the spectrum amplitude As,

which is the most relevant quantity for the amplitude of

GWs produced. The value of As does depend on our

assumption of Gaussian perturbations, which may well

not be accurately valid since As ⇠ 0.03 is quite large.

However, even if positive skewness of the � distribution

meant that fPBH ⇠ 1 could be obtained with a lower

As, so that �c was then several more standard-deviation

units away from zero, the required variance (proportional

to As) would only change by an order unity factor (com-

pared to the ⇠ O(100) reduction that would be required

for the GW signal to become undetectable), so our con-

clusion should remain robust.

The power spectrum of GWs. We define the

Newtonian-gauge scalar metric perturbation  and the

transverse-traceless tensor metric perturbation hij so

that the linearized line element in tightly-coupled radi-

ation domination is

ds
2
=a

2

⇢
�(1 + 2 )d⌘

2
+


(1� 2 )�ij +

hij

2

�
dx

i
dx

j

�
.

(7)

We neglect the rare areas of strongly non-linear GW pro-

duction associated directly with PBH formation and evo-

lution, and focus on the signal sourced everywhere by

second-order combinations of the linear scalar perturba-

tions. The equation of motion for the GWs is then ob-

tained by expanding Einstein’s equations up to second-

order in the linear perturbations

h
00
ij
+ 2Hh

0
ij
�r2

hij = �4Tij`mS`m, (8)

where
0
is the derivative with respect to the conformal

time ⌘, H = a
0
/a is the conformal Hubble parameter and

Tij`m projects the source term S`m into its transverse and

traceless part. In the radiation phase the source is given

by [14]

Sij = 2@i@j

�
 

2
�
�2@i @j �@i

✓
 

0

H + 

◆
@j

✓
 

0

H + 

◆
.

(9)

3

Since this is second-order in the perturbations, the

sourced GWs are intrinsically non-Gaussian. The source

is also local, depending only on spatial derivatives of the

perturbations, so the resulting bispectrum will peak in

momentum-space configurations where the wavevectors

have similar amplitude (no squeezed component). We

define the projector in Fourier space using the chiral ba-

sis

eTij`m(~k) = e
L
ij
(~k)⌦ e

L`m
(~k) + e

R
ij
(~k)⌦ e

R`m
(~k), (10)

where e
L,R
ij

are the polarisation tensors. In Eq. (9) the

scalar perturbation  (⌘,~k) can be written in terms of the

initial gauge-invariant comoving curvature perturbation

as [28]

 (⌘,~k) ⌘ 2

3
T (k⌘)⇣(~k), (11)

where the transfer function during radiation domi-

nation with constant degrees of freedom is T (x) =

(9/x
2
)
⇥
sin(x/

p
3)/(x/

p
3)� cos(x/

p
3)
⇤
. A straightfor-

ward calculation approximating the primordial perturba-

tions as Gaussian leads to the current abundance of GWs

[29]

⌦GW(f)

⌦r,0
=

cg

72

ˆ 1p
3

� 1p
3

dd

ˆ 1

1p
3

ds


(d

2 � 1/3)(s
2 � 1/3)

s2 � d2

�2

· P⇣

 
k
p
3

2
(s+ d)

!
P⇣

 
k
p
3

2
(s� d)

!
I2

(d, s), (12)

where k = 2⇡f , ⌦r,0 parameterises the current density

of radiation if the neutrinos were massless, cg ' 0.4 ac-

counts for the change of the e↵ective degrees of freedom

of the thermal radiation during the evolution (assuming

Standard Model physics), I2 ⌘ I2
c
+ I2

s
, and

Ic(x, y) = 4

ˆ 1

0
d⌧ ⌧(� sin ⌧)

h
2T (x⌧)T (y⌧)

+

⇣
T (x⌧) + x⌧ T

0
(x⌧)

⌘⇣
T (y⌧) + y⌧ T

0
(y⌧)

⌘i
,

(13)

Is(x, y) being the same function, but with sin ⌧ replaced

by (� cos ⌧), see Ref. [30]. For the monochromatic power

spectrum (Eq. (6)) we obtain (see also Refs. [16, 18, 30])

⌦GW(f)

⌦r,0
=

A
2
s
cgf

2

15552f2
?

✓
4f

2
?

f2
� 1

◆2

✓

✓
2� f

f?

◆
I2

✓
f?

f
,
f?

f

◆
,

(14)

where f? = k?/2⇡ and ✓(x) is the step function. The

current abundance of GWs is given in Fig. 2 with k? ⇠
kLISA = 2⇡fLISA and As ⇠ 0.033. Since the result is only a

function of f/f?, for other possible f? (with typical black

hole masses as indicated on the top axis) the predicted
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FIG. 2: The power spectrum of GWs generated by PBHs
compared with the power-law integrated sensitivity for LISA
estimated on the basis of the proposal [20]: the proposed de-
sign (4y, 2.5 Gm of length, 6 links) is anticipated to have a
sensitivity in between those called C1 and C2 in Ref. [32].
The spike is due to the trigonometric functions coming from
the radiation transfer functions in I2, giving a resonant ef-
fect at f ⇠ 2fLISA/

p
3, as explained in Ref. [16]. The spike

and slow fall-o↵ in power to low frequencies are an artefact
of assuming a monochromatic power spectrum; physical spec-
tra would typically give a smooth spectrum with white-noise
(/ f3) at low frequencies [29], but a similar overall amplitude.

spectrum simply shifts sideways in f . This shows that, if

PBHs of masses in the range 10
�15

M� . M . 10
�11

M�
form the dark matter (or even a fraction of it), LISA will

measure the GWs popping out during the PBH formation

time.

The primordial bispectrum of GWs. Since the GW

source is non-linear, the three-point correlator of the

GWs is not vanishing. Its computation is straightfor-

ward in the approximation of Gaussian initial perturba-

tions [29]

⌦
h�1
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i
, (15)

where ~p2 = ~p1 � ~k1, ~p3 = ~p1 +
~k3, and where e

⇤
�
(~k, ~p) =

e
⇤ij
�

(~k)pipj are the polarisation tensors and � = L,R. The

bispectrum of GWs is dominated by the equilateral con-

figuration [26], k1 ' k2 ' k3 ⌘ k, as expected since it is

sourced by gradients of the curvature perturbations when

the latter re-enter the horizon. For the equilateral con-

figuration and monochromatic power spectrum (Eq. (6)),
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Science: cosmography
❖ Dimensionless gravitational wave strain scales 

as

❖ Phase evolution determines  intrinsic 
parameters precisely. Amplitude then gives 
distance accurately (Schutz 1986).

❖ Need another way to break the mass/redshift 
degeneracy - electromagnetic counterpart.
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Science: cosmography
❖ Dimensionless gravitational wave strain scales 

as

❖ Phase evolution determines  intrinsic 
parameters precisely. Amplitude then gives 
distance accurately (Schutz 1986).

❖ Need another way to break the mass/redshift 
degeneracy - electromagnetic counterpart.

❖ Massive black hole mergers were seen as 
promising candidates, but
- counterpart mechanism is unclear.
- weak lensing dominates errors for most 

sources.
- LISA distance precision is poor.

h ⇠ M
D ⇠ (1 + z)M
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❖ Even without a counterpart, can estimate cosmological parameters 
statistically from GW observations.

❖ Use LISA observations of EMRIs to measure the Hubble constant (McLeod & 
Hogan 08)
- Let every galaxy in the LISA error box “vote” on the Hubble constant.
- If ~20 EMRI events are detected at z < 0.5, classic LISA would determine 

the Hubble constant to ~1%. Probably ~2% with 20 events and new 
baseline.

- LISA expected to observe a few tens of EMRIs per year, all at z<0.5.

❖ Same analysis for SMBH mergers suggests classic LISA (5Gm, 6-link) could 
improve constraints on equation of state of dark energy by a factor of ~2-8 
(Babak et al. 2011). May not be possible with shorter configurations.

Science: cosmography
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❖ Posteriors (best case)

Future H0 measurements: LISA

Figure credit: Nicola Tamanini



❖ Posteriors (typical case)

Future H0 measurements: LISA

Figure credit: Nicola Tamanini



Fundamental physics with PTA 
observations



Gravitational wave backgrounds
❖ Primary source for PTAs is the 

astrophysical background of 
gravitational waves generated by 
supermassive black hole mergers.

❖ Natural to ask what (gravitational) 
information is encoded in such a 
background.

❖ GW background is a transverse-
traceless tensor on the sky

❖ Analogous to polarisation of the 
cosmic microwave background.

hTT
ab =

✓
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PTA response
❖ PTAs measure redshifts in pulsars

❖          is the difference in the metric 
perturbation between the Earth and the 
pulsar and can be written

❖ There are 2 polarisation states in GR

❖ 4 additional states can exist in metric theories

z(t, k̂) ⌘ �v(t)

⌫0
=

1

2
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PTA response
❖ The redshift induced by a GW background can be written as

❖ where the response functions for individual modes are given by

❖ Writing                        and working in the frame of the pulsar we 
find                                                . The total response takes the form        
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l (yI)

RI(f) =
X

lm

⇣
aB(lm)(f)RB

l (yI) + aL(lm)(f)RL
l (yI)

+aVG

(lm)(f)R
VG
l (yI) + aG(lm)(f)RG

l (yI)
⌘
Ylm(ûI)



PTA response to tensor modes



PTA response to breathing modes



PTA response to vector modes



PTA response to scalar-longitudinal modes



PTA background mapping
❖ If we have pulsars all over the sky, can decompose “pulsar response” map 

into spherical harmonic basis. Coefficients are linear combinations of 
different polarisations.

❖ No confusion between B and G modes due to range of l. Confusion with 
VG and L possible unless have pulsars at several distances. But - can only 
measure Np modes, i.e., equal to number of pulsars. 21

(l, m) mode
(0, 0) (1,�1) (1, 0) (1, 1) (2,�2) (2,�1) (2, 0) (2, 1) (2, 2)

G: transverse-tensor (gradient) � � � � 0.44 0.38 0.32 0.38 0.44

G: transverse-tensor (gradient) � � � � 0.49 0.39 0.37 0.39 0.49
B: scalar-transverse (breathing) 0.16 0.53 0.46 0.53 � � � � �

G: transverse-tensor (gradient) � � � � 16.2 10.5 11.4 10.5 16.2
B: scalar-transverse (breathing) 4.36 16.1 14.1 16.1 � � � � �
L: scalar-longitudinal 0.71 0.96 0.84 0.96 1.21 0.78 0.86 0.78 1.21

G: transverse-tensor (gradient) � � � � 1.4e5 5.4e4 8.0e4 5.4e4 1.4e5
B: scalar-transverse (breathing) 18.4 9.4e4 6.2e4 9.4e4 � � � � �
L: scalar-longitudinal 3.08 11.5 8.68 11.5 20.9 7.51 11.9 7.52 20.9
VG: vector-longitudinal (gradient) � 6.6e4 4.4e4 6.6e4 7.0e4 2.7e4 4.0e4 2.7e4 7.0e4

TABLE II: The uncertainties, �ML, for the transverse-tensor, scalar-transverse, scalar-longitudinal, and vector-longitudinal
polarisation modes searched for separately or in various combinations for lmax = 2 and N = 30 pulsars.

in the power of a scalar-transverse background. This re-
sult holds regardless of the number of pulsars, timing-
precision, or observational schedules—it is a property of
the geometric sensitivity of PTAs to gravitational-wave
signals of scalar-transverse polarisation. Additionally, we
have found analytic expressions for the overlap reduction
functions for arbitrary anisotropic vector-longitudinal
backgrounds. We also derived a semi-analytic expression
for the overlap reduction functions of anisotropic scalar-
longitudinal backgrounds, in which case a consideration
of the pulsar-term is crucial to avoid divergences.

In the second half of this paper, we extended the for-
malism of our previous work in Gair et al. [35], where the
Fourier amplitudes in a plane-wave expansion of the GR
metric perturbation were decomposed with respect to a
basis of gradient and curl spherical harmonics, which are
related to spin-weight ±2 spherical harmonics. By deter-
mining the components of the background in such a de-
composition it is possible to construct a map of both the
amplitude and the phase of the gravitational wave back-
ground across the sky, rather than simply reconstructing
the power distribution. The decomposition in terms of
spin-weight ±2 spherical harmonics is made possible by
the transverse-traceless nature of the GR gravitational-
wave metric perturbations. Here we have appealed to
the structure of the gravitational-wave metric pertur-
bations for non-GR polarisations to perform the same
procedure—the Fourier amplitudes of scalar modes can
be expanded in terms of ordinary spin-weight 0 spherical
harmonics, while the vector mode amplitudes can be ex-
panded in terms of a spin-weight ±1 spherical harmonic
basis. In so doing, we found that PTAs lack sensitivity
to structure in the polarisation amplitude of a scalar-
transverse background beyond dipole anisotropy, which
can be used to explain the lack of sensitivity to power
anisotropies beyond quadrupole. This result was veri-
fied through numerical map making and recovery, where
we found some sensitivity to modes beyond dipole when
y = 2⇡fL/c was very small, but this would require all

pulsars to lie within a distance of 0.01 kpc from Earth.
We also found that PTAs will lack sensitivity to vector
curl modes for a vector-longitudinal background, which is
analogous to the finding in Gair et al. [35] that PTAs are
insensitive to the tensor curl modes of gravitational-wave
backgrounds in GR.

This paper provides several ready-to-use expressions
for overlap reduction functions for non-GR stochastic
backgrounds with arbitrary anisotropy. These expres-
sions can be trivially plugged into any current or planned
PTA stochastic background search pipeline to obtain lim-
its on the strain amplitude of a non-GR gravitational-
wave sky. We also provide several ready-to-use expres-
sions for the response functions of a single pulsar to
anisotropies in a non-GR gravitational-wave background.
The implications of this are that we can use an array of
pulsars to perform a Bayesian or frequentist search for
the angular dependence of the Fourier modes of a plane-
wave expansion of the gravitational-wave metric pertur-
bations, and in so doing produce maps of the polarisation
content of the sky that include phase information rather
than simply map the distribution of power.

The results in this paper also indicate what is pos-
sible to measure in principle with a su�ciently exten-
sive pulsar timing array, and in Sec. V we discussed
this both qualitatively and gave some simple quantita-
tive examples. For a further discussion of the prospects
of this type of mapping analysis in the case of GR-
polarised gravitational-wave backgrounds, we refer the
reader to Gair et al. [35] and Cornish and van Haasteren
[38]. In the future, we plan to apply the results of this pa-
per to the analysis of real data, to map the amplitude and
phase content of non-GR gravitational-wave backgrounds
influencing the arrival times of millisecond pulsars. This
will allow us to place constraints on beyond-GR polari-
sations of nanohertz gravitational waves.



Implications
• Individual modes of the background represent GW emission that is 

correlated between different points on the sky.

• No well-established physical mechanism to create such correlations - 
discovery of a correlated background would be a profound result.

• Mild anisotropy expected in power of GW background - could be 
consistent with either uncorrelated or correlated background.
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PTA background measurements
• Polarization of background can distinguish correlated and 

uncorrelated origin.
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Overlap reduction function: PTAs
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Overlap reduction function: astrometry
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A. Tensorial Transverse–Traceless Polarizations

This section considers the astrometric correlations arising
in a background of just the two gr polarization modes;
i.e. P 2 {+,⇥}. This calculation was considered previ-
ously in [10], here this result is reproduced within the
framework outlined in the previous section.

In Appendix C is shown how to evaluate the integrals
�+
x✓, �+

y�, �⇥
x✓, and �⇥

y� defined in eq. (33). Following
eq. (32), the spatial correlation matrix in a background
with multiple polarizations is the sum of the individual
spatial correlations, so �+,⇥

x✓ (⇥) = �+
x✓(⇥)+�⇥

x✓(⇥), and
similarly for �+,⇥

y� (⇥). Remarkably, these two functions
turn out to be equal in this particular case,

T (⇥) = �+,⇥
x✓ (⇥) = �+,⇥

y� (⇥) =
2⇡

3
� 14⇡

3
sin2(⇥/2)� 8⇡

sin4(⇥/2)

1� sin2(⇥/2)
ln(sin(⇥/2)) . (45)

Throughout this section all correlation functions are writ-
ten in terms of sin(⇥/2). Therefore, the correlated astro-
metric deflection field generated by a Gaussian, station-
ary, isotropic, unpolarized gw background in gr is fully
specified by a single real-valued function of the angular
separation on the sphere, T (⇥).

This function ought to be compared to the correspond-
ing result for Pulsar Timing. The spatial correlation be-
tween the redshift at two di↵erent points on the sky is
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Fig. 5. The astrometric and redshift correlations as a func-
tion of angular separation on the sky in a background of
tensorial, transverse-traceless gws (i.e. + and ⇥). The well
known Hellings-Downs curve, H(⇥), determines the redshift
correlations and is shown here with the usual normalization
lim⇥!0 H(⇥) = 1/2 due to the presence of the pulsar term
in eq. (17). The astrometric correlations are similarly deter-
mined by a single function, T (⇥), which is shown with the
normalization T (0) = 1 as there is no star term in eq. (20).
The function T (⇥) is the astrometric analog of the Hellings-
Downs curve. The function P(⇥) is the redshift-astrometry
analog of the Hellings-Downs curve and is introduced and dis-
cussed in Section V.

given by the well-known Hellings-and-Downs curve [22],

H(⇥) =
1

2
(1 + �)� 1

4
sin2(⇥/2)

+ 3 sin2(⇥/2) ln(sin(⇥/2)) ,

(46)

where � = 1 for co-located pulsars and is zero otherwise.
The standard pta normalization is lim⇥!0 H(⇥) = 1/2;
the � in eq. (46) comes from the expectation of the pulsar
terms in eq. (17) which is non-zero only for the autocor-
relation. In the astrometric case there are no star terms
(see eq. (20)), so in the case of a total time correlation
(T (t, t0) = 1), the normalization T (0) = 1 can be chosen.
Regardless, it is the “shape” of these curves that is of
most interest here.
The well known Hellings-Downs curve governs the spa-

tial correlation of the redshift on the sky. Similarly, the
function T (⇥) governs the spatial correlation of the as-
trometric deflection on the sky. The function T (⇥) can
therefore be considered as the astrometric analog of the
Hellings-Downs curve. Both T (⇥) and H(⇥) are shown
in Fig. 5.
In order to gain a better understanding of what this

vector field correlation over the sky means it is useful to
draw a realization of this random process and to plot the
result. The results are shown in Fig. 6, and an overview
of the procedure used to produce the data in this plot
can be found in Appendix D.

B. Scalar “Breathing” Polarization

The astrometric correlations arising in a background of
transverse scalar gws (i.e. P 2 {S}) is considered here.
Appendix E shows how to evaluate the integrals �S

x✓ and
�S
y� defined in eq. (33); here only the results of these

integrals are presented.

�S
x✓(⇥) =

⇡

3
cos⇥ ⌘ ⇡

3
� 2⇡

3
sin2(⇥/2) , (47a)

�S
y�(⇥) =

⇡

3
. (47b)
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Fig. 6. A random realization of the astrometric deflection field
for a background of tensorial + and ⇥ waves. The position
of each star is recorded twice, separated by a time �t. These
two position are shown here (in Mollweide projection) at the
foot and head respectively of each arrow. The length of each
arrow is proportional to the total power in the gw background
at frequencies f < 1/�t. The length of the arrows has been
greatly scaled up here for clarity.

Again, this should be compared to the pta result for
the redshift correlation in a stochastic background of
“breathing” gws. This was derived by [26] as

corr(⇥) =
1

2
(1 + �) +

1

2
� 1

4
sin2(⇥/2) , (48)

the variable � is defined just after eq. (46). All three of
these functions are plotted in Fig. 7.

The most surprising aspect of astrometric correlation
is the result for �S

y�(⇥); the “perpendicular” components
of the astrometric deflection at any two points on the
sky are always perfectly correlated. This is an extremely
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Fig. 7. The astrometric and redshift correlations as a function
of angular separation on the sky in a background of scalar,
“breathing” gws (i.e. S). The functions which determine the
astrometric correlations (�S

x✓(⇥) and �S
y�(⇥), see eq. (47)) are

normalized so that their maximum is unity. The pta result
for the correlated redshift in eq. (48) is plotted, normalized
to 1/2 at ⇥ = 0.

strong constraint which any allowed realizations of the
vector field must obey. The interpretation of this be-
comes clearer when a random realization of the correla-
tion is drawn; this is shown in Fig. 8.
The random realizations of the astrometric deflections

plotted in Figs. 6 and 8 are qualitatively di↵erent. The
transverse traceless polarisations of gr produce a dis-
tinctive curl-like pattern at large angular scales, whereas
the transverse-trace (or scalar) mode generates a dipole-
like structure on the sky. The polarization content of the
stochastic gw background determines the spatial corre-
lations among the astrometric deflections. If Gaia, or
some other future astrometry mission, is able to measure
the stochastic pattern of astrometric deflections due to
a background of gws, the measured correlations will en-
code details of the polarization content of the background
and thereby enable a test of gr.

C. Vectorial Polarizations

After analysing the tensorial modes and the scalar
“breathing” mode, it is interesting to consider the as-
trometric correlations arising in a background of just the
two vectorial polarization modes; i.e. P 2 {X, Y }. These
calculations have an additional complication over those
in the preceding sections as the vectorial polarizations
have a longitudinal component which introduces a singu-
larity into the “Earth term”-only redshift and astromet-
ric responses (see eqs. (17) and (20)). In the case of the
redshift correlation, as was found in [26], this means the
correlation curve diverges at ⇥ = 0;

�X,Y
z (⇥) = �28⇡

3
+

32⇡

3
sin2 (⇥/2)� 8⇡ ln(sin(⇥/2)) .

(49)

This result is plotted in Fig. 9. The divergence at the
origin is a result of the use of the “Earth term”-only

Fig. 8. A random realization of the astrometric deflection
field for a background of scalar “breathing” S waves. This
was produced in the same way as Fig. 6. It is clear from the
plot that the astrometric deflection vector field has a random
dipole-like structure on the sphere; the origin of this behavior
is the fact that �S

y�(⇥) ⌘ constant.
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Fig. 9. The astrometric and redshift correlations as a function
of angular separation on the sky in a background of vectorial
gws (i.e. P 2 {X,Y }). The function which determines the
astrometric correlation (�X,Y

x✓ (⇥) = �X,Y
y� (⇥), see eq. (50))

is normalized so that its maximum is unity. The numerical
redshift result (for pulsars at distances (100�GW, 200�GW))
for the correlated redshift is plotted (normalized to 1/2 at
⇥ = 0) along with the divergent result from eq. (49).

redshift response. If the “star term” is included the re-
sult becomes finite, and the correlation depends on the
distance to the star. When including the star term the
integration must be performed numerically; the results
of this numerical integration are also shown in Fig. 9
for two pulsars at distances of 100 and 200 gravitational
wavelengths respectively.

In contrast, the divergence in the astrometric re-
sponse is of a logarithmic nature (i.e., of the typeR
dx f(x)/x), and is regularized by the integral over the

sky. This means that the resulting correlation curve is
non-divergent, even though the two individual astromet-
ric responses do diverge. Appendix F discusses how to
evaluate the integrals �X

x✓, �X
y�, �Y

x✓, and �Y
y� analyt-

ically. Following eq. (32), the spatial correlation ma-
trix in a background with multiple polarizations is the
sum of the individual spatial correlations: �X,Y

x✓ (⇥) =
�X
x✓(⇥)+�Y

x✓(⇥), and similarly for �X,Y
y� (⇥). Again, these

two functions turn out to be equal:
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This vectorial astrometric correlation function is also
plotted in Fig. 9.

0 ⇡/2 ⇡

0

�1.0

�0.5

0.5

1.0
redshift correlation

angular separation ⇥

lo
n
g
it
u
d
in
a
l
c
o
r
r
e
la

t
io
n

�L
x✓(⇥) Lx✓(⇥)

�L
y�(⇥) Ly�(⇥)

Fig. 10. The astrometric and redshift correlations as a func-
tion of angular separation on the sky in a background of scalar
longitudinal gws (i.e. L). The numerical curves which de-
termine the astrometric correlation (Lx✓(⇥) and Ly�(⇥), see
Appendix G I) are normalized so that their maximum is unity;
the two analytical divergent curves �L

x✓(⇥) and �L
y�(⇥) (see

eq. (51)) are also plotted. The numerical redshift result for
the correlated redshift is plotted, normalized to 1/2 at ⇥ = 0.

D. Scalar “Longitudinal” Polarization

The scalar longitudinal mode, on the other hand, is more
interesting, as in this case the “Earth term”-only astro-
metric correlation curves do diverge at ⇥ = 0. These
functions are given by (see Appendix G for details of the
evaluation of the relevant integrals, and Fig. 10 for plots

Fig. 11. Surface plot of the astrometric longitudinal correla-
tion at ⇥ = 0, given by ⌃L(dn, dm) for dm � dn (see eq. (G8)
in Appendix G II for the precise expression. The two dis-
tances are expressed in terms of gravitational wavelengths. A
dot marks the point (dn, dm) = (100, 200), which is used for
computing the numerical integral in Fig. 10.

Mihaylov, JG 
et al. 2018

❖ Astrometric measurements (Gaia) help break degeneracies.
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❖ Setting

❖ in the pulsar response

❖ corresponds to a change in propagation speed for the graviton. This modifies 
the correlation between pairs of pulsars on the sky and is therefore in 
principle detectable.
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the tensor � jk
i are presented here; each of them is applica-

ble in a di↵erent regimes. The first, in eq. (3), is the more
general expression which depends on the direction of the
unit vector n and the distance d to the star (expressed in
units of gw wavelengths), as well as on the direction to the

source of the gws q. For a more thorough derivation and
discussion of this formula, including the result’s applicabil-
ity to cosmological space-times, the reader is encouraged
to consult [9] or [10]; the latter of these follows the same
formalism as the current article.
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The second expression for � jk
i , in eq. (4), is the limiting

value when the light source is a large distance away, if such
a limit is well defined. In this case the expression simplifies
and is independent of the distance parameter:

lim
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� jk
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Care must be taken when using the result for the distant-
source limit in eq. (4); as discussed below this limit is not
always well defined when the denominator 1�q·n vanishes.
In this article, q is opposite in direction to the gw wave
3-vector k and is allowed to have a non-unit magnitude,
signifying the gw travelling at non-luminal speed:

kµ = �!
�
1, (1� ✏)q

�
, (5)

where the phase velocity of the gws is vph = 1/(1� ✏). In
the case of massive gravity, with ✏ > 0, the group velocity is
sub-luminal while the phase velocity is super-luminal. The
two cases will be distinguished from here on by their group
velocities: the case ✏ > 0 will be referred to as sub-luminal
while ✏ < 0 will be referred to as super-luminal.

It is important to note that when ✏ > 0 (sub-luminal

gws) the distant-source limit of the astrometric deflection
given in eq. (4) is always well defined because 1 � q · n >

0. However, when ✏ < 0 (super-luminal gws) the distant-
source limit is divergent when 1�q ·n = 0. Geometrically,
this divergence takes the form of a ring on the sky, at an
angle of arcsec(1�✏) from the direction to the source of the
gws. This divergence is regularised by using instead the
full astrometric response formula in eq. (3), which includes
the e↵ects of a finite distance to the star. This is suitably
illustrated in Appendix A.

The astrometric response to a single monochromatic gw
is given by eqs. (3) and (4). A stochastic background of
gws would produce a pattern of astrometric deflections
which are highly correlated at large angular scales. This
section summarises the formalism for deriving the correla-
tion matrix for a background with an arbitrary polariza-
tion, and calculating the power spectra coe�cients from
them. The reader can find a more in-depth presentation of
this in [10].

The gw perturbation due to a stochastic background of
gws may be decomposed and expressed as a sum of Fourier
modes; the astrometric response to each Fourier mode can
be expressed using eq. 2 and the total response is given by
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0
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, (6)

where � jk
i (n,q, d) is given by eq. (3), the sum over P

includes all di↵erent gw polarizations, and the spatial in-
tegral is over the entire sphere of the sky. In general rel-
ativity, only the transverse + and ⇥ modes are allowed,
however modified theories of gravity could include up to 4
additional polarizations, the transverse scalar S mode, the
vectorial X and Y modes, and the scalar longitudinal L
mode. For a stochastic, Gaussian, zero-mean, stationary,

isotropic, and unpolarized background the Fourier coe�-
cients satisfy the following expectation relations:

hAP (q, f)i = 0, (7a)

hAP (q, f)A
⇤
P 0(q0

, f
0)i = P (f) �PP 0 �S2(q,q0) �(f � f

0),
(7b)

where the angle brackets denote an average over all possible
realisations of the gw background, and the function P (f)
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luminal limit (✏ = 0) of this function is the Hellings-Downs curve [43].
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This correlation function is plotted in the upper left panel of Fig. 18.

II. Scalar transverse correlations

The pta-pta correlation for a background of sub-luminal scalar transverse gws �S
zz(⇥, ✏) is given below.
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This correlation function is plotted in the upper right panel of Fig. 18.
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Fig. 18. The sub-luminal pta-pta correlations for 4 di↵erent values of ✏ 2 {0, 0.1, 0.2, 0.5}. Upper left panel: The tensorial
transverse-traceless correlation function �+,⇥

zz (⇥, ✏) = �+
zz(⇥, ✏) given by eq. (D1). The �⇥

zz(⇥, ✏) correlation vanishes. The curve
�+,⇥
zz (⇥, 0) is the well-known Hellings-Downs curve [43]. Upper right panel: The scalar transverse correlation function �S

zz(⇥, ✏)
given by eq. (D2). Lower left panel: The vectorial correlation function �X,Y

zz (⇥, ✏) = �X
zz(⇥, ✏) given by eq. (D3). The �Y

zz(⇥, ✏)
correlation vanishes. The correlation �X,Y

zz (⇥, 0) is computed numerically with both pulsars placed at d = 100. Lower right panel:

The scalar longitudinal correlation function �L
zz(⇥, ✏) given by eq. (D4). The correlation �L

zz(⇥, 0) is computed numerically with
both pulsars placed at d = 100.
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Summary
❖ LISA will launch in the early 2030s and will open a new window on the 

gravitational wave Universe, at mHz frequencies.

❖ LISA is expected to observe GWs from massive BH mergers, extreme-mass-
ratio inspirals and (perhaps) cosmological stochastic backgrounds.

❖ LISA observations have massive potential for gravitational physics, 
including tests of the no-hair property of BHs, tests of GW propagation and 
polarisation, constraining dark matter candidates and constraining a variety 
of modified theories of gravity.

❖ Pulsar timing arrays are expected to make the first observations of the nHz 
GW background in the next 5-10 years.

❖ PTAs can in principle detect polarisation properties of the stochastic GW 
background which would be indicative of new physics.


