
LSS  Consistency  Relations 

(ISW and kSZ effects)

Patrick Valageas
IPhT - CEA Saclay

The Non-Gaussian Universe
September 11-13, Cambridge

IPhT

Institut de Physique Théorique

de Saclay

Evaluation by the AERES committee

(2013-2014)

Activity Report

January 2008 – June 2013

Commissariat à l’énergie atomique
et aux énergies alternatives

Direction des sciences de la matière
CEA / DSM / IPhT

Centre national de la recherche scientifique
Institut de physique

CNRS / INP / URA 2306

CEA Saclay, 91191 Gif-sur-Yvette, France
http://ipht.cea.fr/ - Tel: +33 (0)1 69 08 73 85

IPhT

Institut de Physique Théorique

de Saclay

Evaluation by the AERES committee

(2013-2014)

Activity Report

January 2008 – June 2013

Commissariat à l’énergie atomique
et aux énergies alternatives

Direction des sciences de la matière
CEA / DSM / IPhT

Centre national de la recherche scientifique
Institut de physique

CNRS / INP / URA 2306

CEA Saclay, 91191 Gif-sur-Yvette, France
http://ipht.cea.fr/ - Tel: +33 (0)1 69 08 73 85



Going beyond PT:  e.g., Consistency Relations

Go beyond PT and phenomenological models by deriving exact results 
without explicitly solving the dynamics.

Consistency relations: use symmetries of the system

More general
- lose details of the dynamics 
- also applies to biased tracers
- remains valid whatever baryonic effects

test of general physical principles.

constrain models.



Kinematic consistency relations

Kehagias & Riotto (2013), Kehagias et al(2013), Peloso & Pietroni (2013a,b), 
Creminelli et al. (2013a,b,c), P.V. (2013),  P.V., Taruya and Nishimichi (2017)



A general property for systems parameterized by a Gaussian field:

1) a Gaussian field: 2) nonlinear functionals:'(x) ⇢1, ⇢2, ..., ⇢n

We consider the mixed correlation:
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A) Correlation and response functions

integrations by parts

R

`,n(x1, .., x`) = h D`[⇢1 . . . ⇢n]

D'(x1)..D'(x`)
iResponse function:

1311.1236

C

`,n = C0(x1, x
0
1) . . . C0(x`, x

0
`) ·R`,n(x0

1, .., x
0
`)



In the cosmological case, we consider the density field:
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On large scales, or at early times, we recover the linear regime
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We obtain the squeezed density correlation if we can evaluate the response function

“CONSISTENCY RELATIONS”

k0i ⌧ kL :



A consequence of a symmetry of the system associated with the equivalence principle:

From a solution {�(x, t),v(x, t),�(x, t)}                                                        we can build a new solution that 
corresponds to a uniform time-dependent translation,

x

0 = x� n(⌧), v

0 = v � ṅ(⌧), �0 = �, �0 = �+ (n̈+Hṅ) · x0

We can absorb in this fashion, through a change of variable, the impact of a large-scale 
gravitational potential, which has a constant gradient at lowest order.

all particles/structures fall in the same fashion in a gravitational potential.

B) Derivation of the kinematic consistency relations
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Lowest-order case, bispectrum,
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These relations vanish at equal times, because they merely express how small scales 
are uniformly transported by large-scale modes

From the response function, we obtain the consistency relations:



These consistency relations rely on the following conditions:

-  Gaussian initial conditions
-  equivalence principle
-  separation of scales

Exact results test of Gaussianity, of General Relativity, constraints on models

These exact relations can be generalized to multi-fluid cases.

They remain valid for baryons, galaxies, ..., independently of small-scale physics.

Null test:   0 = 0  at equal times, if Gaussian initial conditions and GR.



C) Non-Gaussian initial conditions
As described in [9], in the limit of long-wavelength

modes the small-scale structures are transported by large-
scale perturbations in a uniform fashion. This means that in
the limit k0 → 0 for the support of a long-wavelength
perturbation ΔδL0ðk0Þ, the trajectories of the particles are
simply modified as

xðq; τÞ → xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð48Þ

where q is the Lagrangian coordinate of the particles and
ΔΨL0ðqÞ, which is uniform at leading order for k0 → 0, is
the linear displacement field associated with the linear
perturbation ΔδL0,

ΔΨL0ðqÞ≡ −∇−1
q · ΔδL0: ð49Þ

The uniform shift (48) implies that the density field is
modified as

δðx; τÞ → δðx −DþΔΨL0; τÞ; ð50Þ

which reads in Fourier space (at linear order over ΔΨL0Þ as

δðk; τÞ → δðk; τÞ − iDþðk · ΔΨL0Þδðk; τÞ: ð51Þ

Then, one obtains
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The results (52)–(53) follow from the weak equivalence
principle, that is, from the symmetries of the gravitational
dynamics, and are independent of the properties of the
density field. Therefore, they remain valid for non-
Gaussian initial conditions, and Eq. (47) becomes, in the
squeezed limit, k0 → 0,
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If the initial conditions obey the squeezed Gaussianity condition (42) the relationship (54) simplifies and takes the same
form as in the Gaussian case,

!
δL0ðk0Þ

Ym

j¼1

δðkj; τjÞ
"0

k0→0

¼ −PL0
ðk0Þ

!Ym

j¼1

δðkj; τjÞ
"0 Xm

j¼1

DþðτjÞ
kj · k0

k02
: ð55Þ

Using the fact that on large scales δðk0; τ0Þ → Dþðτ0ÞδL0ðk0Þ, Eq. (55) also yields
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Thus, we can see that if the initial conditions show
significant non-Gaussianities on large scales and the
coefficients (42) do not vanish in the squeezed limit, the
consistency relation becomes much more complex than
Eq. (56). The (mþ 1)-squeezed density correlation can no
longer be expressed in terms of the m-point small-scale
density correlation, as there are additional contributions
from all-order mixed correlations (if all coefficients Sn are
nonzero). In particular, while the right-hand side in Eq. (56)
vanishes at equal times as in the Gaussian case, which
means that one must consider subleading contributions, the
new terms in Eq. (54) do not vanish.

B. Biased tracers

The consistency relations of the form (56) in the
Gaussian case also apply to biased tracers [3–9]. Indeed,
as recalled in Sec. IVA, these consistency relations follow
from the weak equivalence principle, which states that all
matter particles and macroscopic objects fall at the same
rate in a gravitational potential. This means that under the
almost uniform force ∇−1 · ΔδL0, associated with the large-
scale perturbation ΔδL0, all particles and macroscopic
objects experience the uniform shift (48). Small-scale
astrophysical processes, such as galaxy and star formation,
are not modified by this uniform displacement so that all
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The primordial non-Gaussianity is now severely con-
strained through the measurement of cosmic microwave
background anisotropies [17,18], but the outcome of these
tight constraints relies on several model-dependent assump-
tions. This is one of the reasons why the large-scale structure
observations still attract attention as an independent and
complementary probe of primordial non-Gaussianity. A
particularly remarkable feature that has been recently recog-
nized is a strong enhancement of the halo and galaxy
clustering bias on large scales in the presence of the so-
called local-type non-Gaussianity (e.g., [19–21]). This
enhancement indeed arises from a tight coupling between
the large- and small-scale modes through the squeezed limit
of higher-order matter correlations (e.g., [22]), which is
exactly the casewe are looking at in the consistency relations.
It is thus interesting to see how the structure of the correlation
hierarchy is genericallymodifiedwhen the initial fluctuations
are not Gaussian.
Hereafter, we consider non-Gaussian primordial matter

fluctuations described by their Taylor expansion over a
Gaussian field, or by a probability distribution that can be
expanded around the Gaussian. We derive rather generic
expressions for the higher-order correlations of matter fluc-
tuations that remain valid in the nonlinear regime. We also
consider biased tracers. Our results show that in the non-
Gaussian case the consistency relations are largely modified
by additional contributions involving all-order mixed linear-
nonlinear correlations.Basedon this,wediscuss the necessary
conditions to recover the usual consistency relations that hold
for Gaussian initial conditions, and see how these conditions
are satisfied or violated in specific non-Gaussian models.
This paper is organized as follows. In Sec. II, we begin

by describing non-Gaussian primordial density fields as
Taylor expansions of an auxiliary Gaussian field. Next, we
consider the more general case where the primordial
density field is merely defined by its non-Gaussian prob-
ability distribution, which we assume can be expanded
around the Gaussian. We also recall several popular non-
Gaussian models that provide useful examples. Section III
considers the basis to derive the consistency relations [9],
and derives the relation between the response functions of
cosmic density fields, with respect to the linear density
field, and higher-order correlation functions. Section IV
then presents our main results, which describe how the
consistency relations of density fields are generically
modified in the presence of primordial non-Gaussianity.
Specific results for several non-Gaussian models are also
given. Further, Sec. V discusses the consistency relations
for velocity and momentum fields. Finally, Sec. VI is
devoted to the conclusion and summary of the results.

II. MODELS OF PRIMORDIAL
NON-GAUSSIANITIES

In this section, as a starting point to derive the correlation
hierarchy in the presence of primordial non-Gaussianity,

we give a general framework to deal with non-Gaussian
matter fluctuations at linear order. In Sec. II A, we present a
description of non-Gaussian primordial density fields
through their Taylor expansion over auxiliary Gaussian
fields. In Sec. II B, this is generalized to the probability
distribution functional for non-Gaussian primordial fluc-
tuations, which is later used to derive the consistency
relations for matter fluctuations. As a simple and illustrative
example, in Sec. II C, we consider the non-Gaussian model
in which the Taylor expansion is truncated at second order.
Specific models to realize such a non-Gaussianity are
described in Sec. II D, and we briefly discuss their distinct
features in the squeezed limit.

A. Primordial density field as a nonlinear
functional of a Gaussian field

Simple models of primordial non-Gaussianities can be
built where the primordial (i.e., linear) density contrast
δLðx; τÞ can be written as a nonlinear functional of a
Gaussian field χðx; τÞ. Linearizing over the non-
Gaussianity parameters fðnÞNL, as we do throughout this study,
we write in Fourier space

δL0ðkÞ ¼ χ0ðkÞ þ
X∞

n¼2

Z Yn

i¼1

dkiδD

!
k −

Xn

i¼1

ki

"

× fðnÞNL 0ðk1;…;knÞ
Yn

i¼1

χ0ðkiÞ; ð1Þ

where the subscript “0” denotes that we normalize the fields
today at z ¼ 0 and we can take the kernels fðnÞNL to be
symmetric. Throughout this paper we assume statistical
homogeneity, hence the Dirac factors in Eq. (1), and
isotropy, which yields the constraint

fðnÞNLðk1;…;knÞ ¼ fðnÞNLð−k1;…;−knÞ: ð2Þ

For the sake of generality we keep track of all orders n ≥ 2
in the nonlinear functional δL½χ&, but in practice one often
only includes the quadratic or cubic terms, which are then
denoted as fN ¼ fð2ÞNL and gNL ¼ fð3ÞNL. The fields δL, χ, and

the kernels fðnÞNL evolve with redshift as

δL ¼ DþδL0; χ ¼ Dþχ0; fðnÞNL ¼ D1−n
þ fðnÞNL0; ð3Þ

where DþðτÞ is the linear growing mode. The kernels fðnÞNL
must satisfy the constraint

n≥ 2∶ fðnÞNLðk1;…;knÞ¼ 0 for k1þ'''þkn¼ 0; ð4Þ

so that δLð0Þ ¼ 0. At linear order over fðnÞNL, this yields the
primordial power spectrum
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The primordial non-Gaussianity is now severely con-
strained through the measurement of cosmic microwave
background anisotropies [17,18], but the outcome of these
tight constraints relies on several model-dependent assump-
tions. This is one of the reasons why the large-scale structure
observations still attract attention as an independent and
complementary probe of primordial non-Gaussianity. A
particularly remarkable feature that has been recently recog-
nized is a strong enhancement of the halo and galaxy
clustering bias on large scales in the presence of the so-
called local-type non-Gaussianity (e.g., [19–21]). This
enhancement indeed arises from a tight coupling between
the large- and small-scale modes through the squeezed limit
of higher-order matter correlations (e.g., [22]), which is
exactly the casewe are looking at in the consistency relations.
It is thus interesting to see how the structure of the correlation
hierarchy is genericallymodifiedwhen the initial fluctuations
are not Gaussian.
Hereafter, we consider non-Gaussian primordial matter

fluctuations described by their Taylor expansion over a
Gaussian field, or by a probability distribution that can be
expanded around the Gaussian. We derive rather generic
expressions for the higher-order correlations of matter fluc-
tuations that remain valid in the nonlinear regime. We also
consider biased tracers. Our results show that in the non-
Gaussian case the consistency relations are largely modified
by additional contributions involving all-order mixed linear-
nonlinear correlations.Basedon this,wediscuss the necessary
conditions to recover the usual consistency relations that hold
for Gaussian initial conditions, and see how these conditions
are satisfied or violated in specific non-Gaussian models.
This paper is organized as follows. In Sec. II, we begin

by describing non-Gaussian primordial density fields as
Taylor expansions of an auxiliary Gaussian field. Next, we
consider the more general case where the primordial
density field is merely defined by its non-Gaussian prob-
ability distribution, which we assume can be expanded
around the Gaussian. We also recall several popular non-
Gaussian models that provide useful examples. Section III
considers the basis to derive the consistency relations [9],
and derives the relation between the response functions of
cosmic density fields, with respect to the linear density
field, and higher-order correlation functions. Section IV
then presents our main results, which describe how the
consistency relations of density fields are generically
modified in the presence of primordial non-Gaussianity.
Specific results for several non-Gaussian models are also
given. Further, Sec. V discusses the consistency relations
for velocity and momentum fields. Finally, Sec. VI is
devoted to the conclusion and summary of the results.

II. MODELS OF PRIMORDIAL
NON-GAUSSIANITIES

In this section, as a starting point to derive the correlation
hierarchy in the presence of primordial non-Gaussianity,

we give a general framework to deal with non-Gaussian
matter fluctuations at linear order. In Sec. II A, we present a
description of non-Gaussian primordial density fields
through their Taylor expansion over auxiliary Gaussian
fields. In Sec. II B, this is generalized to the probability
distribution functional for non-Gaussian primordial fluc-
tuations, which is later used to derive the consistency
relations for matter fluctuations. As a simple and illustrative
example, in Sec. II C, we consider the non-Gaussian model
in which the Taylor expansion is truncated at second order.
Specific models to realize such a non-Gaussianity are
described in Sec. II D, and we briefly discuss their distinct
features in the squeezed limit.

A. Primordial density field as a nonlinear
functional of a Gaussian field

Simple models of primordial non-Gaussianities can be
built where the primordial (i.e., linear) density contrast
δLðx; τÞ can be written as a nonlinear functional of a
Gaussian field χðx; τÞ. Linearizing over the non-
Gaussianity parameters fðnÞNL, as we do throughout this study,
we write in Fourier space

δL0ðkÞ ¼ χ0ðkÞ þ
X∞

n¼2

Z Yn
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dkiδD

!
k −

Xn

i¼1
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where the subscript “0” denotes that we normalize the fields
today at z ¼ 0 and we can take the kernels fðnÞNL to be
symmetric. Throughout this paper we assume statistical
homogeneity, hence the Dirac factors in Eq. (1), and
isotropy, which yields the constraint

fðnÞNLðk1;…;knÞ ¼ fðnÞNLð−k1;…;−knÞ: ð2Þ

For the sake of generality we keep track of all orders n ≥ 2
in the nonlinear functional δL½χ&, but in practice one often
only includes the quadratic or cubic terms, which are then
denoted as fN ¼ fð2ÞNL and gNL ¼ fð3ÞNL. The fields δL, χ, and

the kernels fðnÞNL evolve with redshift as

δL ¼ DþδL0; χ ¼ Dþχ0; fðnÞNL ¼ D1−n
þ fðnÞNL0; ð3Þ

where DþðτÞ is the linear growing mode. The kernels fðnÞNL
must satisfy the constraint

n≥ 2∶ fðnÞNLðk1;…;knÞ¼ 0 for k1þ'''þkn¼ 0; ð4Þ

so that δLð0Þ ¼ 0. At linear order over fðnÞNL, this yields the
primordial power spectrum
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If the initial density field is a nonlinear function of a Gaussian field:

or its PDF is non-Gaussian:

hδL0ðkÞδL0ð−kÞi0 ≡ PL0ðkÞ

¼ Pχ0ðkÞ þ 2Pχ0ðkÞ
X∞

n¼1

ð2nþ 1Þ!!
Z Yn

i¼1

dk0
i

× fð2nþ1Þ
NL0 ðk;k0

1;−k0
1;…;k0

n;−k0
nÞ
Yn

i¼1

Pχ0ðk
0
iÞ ð5Þ

and the primordial bispectrum

hδL0ðk1ÞδL0ðk2ÞδL0ðk3Þi0

¼Pχ0ðk2ÞPχ0ðk3Þ
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1;…;k0
n−1;−k0

n−1Þþ2 cyc;

ð6Þ

where the prime in h…i0 denotes that we removed the Dirac
factors δDð

P
kiÞ.

Because the relevant field for the formation of large-scale
structures is the linear density field δL0 rather than the
auxiliary Gaussian field χ0, it is convenient to eliminate χ0
in favor of δL0. This is possible because, at linear order over
fðnÞNL, we can invert Eq. (1) as

χ0ðkÞ ¼ δL0ðkÞ −
X∞

n¼2

Z Yn

i¼1

dkiδD
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k −

Xn

i¼1
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"
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δL0ðkiÞ þOðf2NLÞ: ð7Þ

The generating functional hej·δL0i reads as

hej·δL0i ¼
Z

Dχ0ej·δL0½χ0&e
−χ0·C−1

χ0
·χ0=2; ð8Þ

as χ0 is Gaussian and we introduced the inverse
matrix C−1

χ0 of the two-point correlation Cχ0ðk1;k2Þ≡
δDðk1 þ k2ÞPχ0ðk1Þ. Using Eq. (7), we can change the
variable to δL0 to obtain

hej·δL0i¼
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DδL0J exp
#
j ·δL0−
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where the Jacobian determinant reads at linear order over
fðnÞNL as
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Here we used the fact that the first term n ¼ 2 in Eq. (10)
vanishes because δL0ðk0

1 ¼ 0Þ ¼ 0 [as enforced by the
Gaussian weight with Pχ0ð0Þ ¼ 0]. Expanding Eq. (9) up to

first order over fðnÞNL, we obtain

hej·δL0i¼
Z

DδL0e
j·δL0−δL0·C−1
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$
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where we introduced the symmetric kernels, for n ≥ 2,

Snðk1;…;knÞ ¼ −ðnþ 1Þ
Z

dk0fðnþ1Þ
NL0 ðk0;k1;…;knÞ

þ 1

n

X

cyc

1

Pχ0ðk1Þ
fðn−1ÞNL0 ðk2;…;knÞ; ð12Þ

with fð1ÞNL0ðkÞ≡ 0 and the sum runs over the n cyclic
permutations of fk1;…;kng. This means that the proba-
bility distribution functional of the linear density field δL0
reads as

PðδL0Þ¼ e−
R
dkδL0ðkÞδL0ð−kÞ=2Pχ0

ðkÞ
#
1þ

X∞

n¼2

Z Yn
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×δD
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i¼1
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i¼1

δL0ðkiÞ
$
: ð13Þ

B. Primordial density field with a non-Gaussian
probability distribution functional

Independently of any nonlinear mapping to an auxiliary
Gaussian field χ0, as in Eq. (1), we can define the initial
conditions of the cosmological density field δL0 by its
probability distribution functional PðδL0Þ. When we go
beyond the Gaussian case, we face an infinite number of
possibilities; however, we may consider distributions of the
same form as Eq. (13). Here the kernels Sn are no longer
given in terms of kernels fðnÞNL0 as in Eq. (12). They define
the probability distribution (13) of the initial conditions,
through the expansion of its non-Gaussian part over δL0.
This approach is more general than the explicit models (1),
and it also applies to multifield scenarios, where the final

CONSISTENCY RELATIONS FOR LARGE-SCALE … PHYSICAL REVIEW D 95, 023504 (2017)

023504-3

hδL0ðkÞδL0ð−kÞi0 ≡ PL0ðkÞ

¼ Pχ0ðkÞ þ 2Pχ0ðkÞ
X∞

n¼1

ð2nþ 1Þ!!
Z Yn

i¼1

dk0
i

× fð2nþ1Þ
NL0 ðk;k0

1;−k0
1;…;k0

n;−k0
nÞ
Yn

i¼1

Pχ0ðk
0
iÞ ð5Þ

and the primordial bispectrum

hδL0ðk1ÞδL0ðk2ÞδL0ðk3Þi0

¼Pχ0ðk2ÞPχ0ðk3Þ
X∞

n¼1

2nð2n−1Þ!!
Z Yn−1

i¼1

dk0
i

Yn−1

i¼1

Pχ0ðk
0
iÞ

×fð2nÞNL0ðk2;k3;k0
1;−k0

1;…;k0
n−1;−k0

n−1Þþ2 cyc;

ð6Þ

where the prime in h…i0 denotes that we removed the Dirac
factors δDð

P
kiÞ.

Because the relevant field for the formation of large-scale
structures is the linear density field δL0 rather than the
auxiliary Gaussian field χ0, it is convenient to eliminate χ0
in favor of δL0. This is possible because, at linear order over
fðnÞNL, we can invert Eq. (1) as
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The generating functional hej·δL0i reads as

hej·δL0i ¼
Z

Dχ0ej·δL0½χ0&e
−χ0·C−1

χ0
·χ0=2; ð8Þ

as χ0 is Gaussian and we introduced the inverse
matrix C−1

χ0 of the two-point correlation Cχ0ðk1;k2Þ≡
δDðk1 þ k2ÞPχ0ðk1Þ. Using Eq. (7), we can change the
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where the Jacobian determinant reads at linear order over
fðnÞNL as
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Here we used the fact that the first term n ¼ 2 in Eq. (10)
vanishes because δL0ðk0

1 ¼ 0Þ ¼ 0 [as enforced by the
Gaussian weight with Pχ0ð0Þ ¼ 0]. Expanding Eq. (9) up to

first order over fðnÞNL, we obtain
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where we introduced the symmetric kernels, for n ≥ 2,
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with fð1ÞNL0ðkÞ≡ 0 and the sum runs over the n cyclic
permutations of fk1;…;kng. This means that the proba-
bility distribution functional of the linear density field δL0
reads as

PðδL0Þ¼ e−
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B. Primordial density field with a non-Gaussian
probability distribution functional

Independently of any nonlinear mapping to an auxiliary
Gaussian field χ0, as in Eq. (1), we can define the initial
conditions of the cosmological density field δL0 by its
probability distribution functional PðδL0Þ. When we go
beyond the Gaussian case, we face an infinite number of
possibilities; however, we may consider distributions of the
same form as Eq. (13). Here the kernels Sn are no longer
given in terms of kernels fðnÞNL0 as in Eq. (12). They define
the probability distribution (13) of the initial conditions,
through the expansion of its non-Gaussian part over δL0.
This approach is more general than the explicit models (1),
and it also applies to multifield scenarios, where the final
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the consistency relations take a more complicated form:

new terms that do not vanish at equal times



Angular-averaged consistency relations

P.V. (2013), Kehagias et al.(2013), T. Nishimichi & P. V. (2014,2015)



To go beyond the leading-order relations, or to obtain new relations, we must find 
additional symmetries.

If we make the change of variables ⌘ = lnD+, v = ȧfu, � = (ȧf)2' where f =
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Within the approximation                      all explicit dependence on cosmology disappears.

approximate symmetry

This remains true beyond shell crossing.  The equation of motion of the particle 
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B) Angular averaging

To get rid of the leading-order kinematic effect, associated with the uniform motion of 
small-scale structures, we integrate over the angles of the soft modes.
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This eventually leads to the angular-averaged consistency relations:

These relations no longer vanish at equal times.

The lowest-order relation, for the bispectrum, reads as:
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high- and the low-resolution simulations. As we have
discussed in a series of our previous studies, the low-
resolution simulations are affected by the numerical error
arising from the finiteness of the spatial resolution, and
the power spectrum on small scales is underestimated by
a few per cent at k >

∼ 0.3 h Mpc−1. The ratio plotted
in the bottom panels is actually larger than unity on
these scales. The systematic error is more important at
z = 0.35 and it amounts to ∼ 5% on the smallest scales
of the plot. In reality, however, we do not use the low-
resolution simulations in the test at k > 0.4 h Mpc−1,
and the systematic error is at most 3% over the wave
number range where we use these simulations. We also
expect a similar quality in the measurement from the
high-resolution simulations at k ∼ 1 h Mpc−1. This is
again because the two sets of simulations have a factor
of two difference in the mean inter-particle distance, and
this distance serves as a rough indicator of the scale where
the simulation starts to be affected by finiteness effects.

D. Results

Now we are in a position to discuss the validity of the
consistency relation (6) between the angular-averaged
bispectrum and the power spectrum of the matter density
field. We consider the ratio of the two sides of Eq. (6),
measure this combination from each realization, and then
take the average over realizations, which is plotted in
Figs. 6 and 7 respectively at z = 1 and z = 0.35.

The left four panels in each of the two figures show the
measurement from the low-resolution simulations cover-
ing a larger volume (0.1 h Mpc−1 ≤ k ≤ 0.4 h Mpc−1),
while the right panels show that from high-resolution
simulations (0.4 h Mpc−1 ≤ k ≤ 1.0 h Mpc−1), as a func-
tion of the soft wave number k′. We also plot the ra-
tio expected from the tree-level perturbation theory (9)
(solid lines) and the ratio of the measured bispectrum to
the tree-order prediction (9) in the left upper two panels
(dashed lines). The filled circles correspond to the bis-
pectrum obtained from the nonlinear density fields mea-

sured at the redshift of interest, ⟨δ̃k′ δ̃k−k′/2δ̃−k−k′/2⟩
′

as in Eq.(7), whereas the empty triangles correspond to

the mixed bispectrum ⟨δ̃L,k′ δ̃k−k′/2δ̃−k−k′/2⟩
′, where we

cross-correlate two nonlinear fields with one linear field,
as in Eq.(3).

In agreement with Figs. 2 and 3, the dashed lines show
that tree-level perturbation theory only gives an accu-
rate prediction for the bispectrum for k′ and k below
∼ 0.1 h Mpc−1. When k = 0.2 h Mpc−1, it underesti-
mates the bispectrum by about 10%, and for higher k
the discrepancy becomes greater and can reach a factor
two or more (it no longer appears in these panels be-
cause it is out of range). This shows that the panels with
k ≥ 0.3 h Mpc−1 are beyond the lowest-order perturba-
tive regime and that we test the consistency relation (6)
in a nontrivial regime, beyond the perturbative check of

FIG. 6: Ratio of the two sides of Eq. (6) at z = 1. Each panel
plots the ratio as a function of k′ for a fixed k shown in the
legend. The symbols are the results from low-resolution sim-
ulations (left panels) and high-resolution simulations (right
panels). Filled circles correspond to measures of the bispec-
trum from (11), whereas for empty triangles we use for the
soft mode the linear density contrast δ̃L,k′ instead of the non-

linear density contrast δ̃k′ as in Eq.(3). The solid lines show
the predictions of the tree-level perturbation theory for this
ratio, whereas the dashed lines in the left upper two panels
show the ratio of the measured bispectrum to its tree-order
prediction (9).

FIG. 7: Same as Fig. 6, but the results at z = 0.35.
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Numerical check:

ratio of the nonlinear bispectrum to the consistency relation result, given by a 
product of one linear power spectrum and one nonlinear power spectrum.
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consistency 
relation = 1

lowest-order 
PT result

(out of the plot 
otherwise)

this approximate consistency 
relation significantly improves 
over lowest-order PT result, 
and goes up to k~1 h/Mpc



C) Redshift space

The comparison with Eq. (8) gives, after writing the correlations in terms of Fourier-space polyspectra,
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whereΩk0 is the unit vector along the direction of k0 and δKi;j
is the Kronecker symbol. The subscript k0 → 0 recalls that
this relation only gives the leading-order term in the large-
scale limit k0 → 0, whereas the wave numbers fk1;…; kng
are fixed and may be within the nonlinear regime. Here, we
denoted with a prime the reduced polyspectra, defined as

h~δsðk1Þ…~δsðknÞi ¼ h~δsðk1Þ…~δsðknÞi0δDðk1 þ…þ knÞ;
ð38Þ

where we explicitly factor out the Dirac factor associated
with statistical homogeneity. In particular, this means that

h~δsðk1Þ…~δsðknÞi0 can be written as a function of the n − 1
wave numbers fk1;…; kn−1g only.
On large scales, we recover the linear theory [4,35],

with ~δðk0;t0Þ≃Dþðt0Þ~δL0ðk0Þ and ~δsðk0;t0Þ≃Dþðt0Þ~δL0ðk0Þ×
ð1þf0μ02Þ, where μ0 is the cosine of the wave number k0

with the line of sight, as in

μ ¼ k · er
k

: ð39Þ

Therefore, Eq. (37) also gives
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h~δsðk1; t1Þ…~δsðkn; tnÞi0:

ð40Þ

When all times are equal, t0 ¼ t1 ¼ … ¼ tn ≡ t, this simplifies as
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V. BISPECTRUM

A. Relation in fk; μ2g space
The lowest-order equal-time consistency relation

obtained from Eq. (41) corresponds to n ¼ 2, that is, the
bispectrum built from the correlation between two small-
scale modes and one large-scale mode. We define the
bispectrum as in Eq. (38),

h~δsðk1Þ~δsðk1Þ~δsðk1Þi ¼ Bsðk1; k2; k3ÞδDðk1 þ k2 þ k3Þ:
ð42Þ

In contrast with the real-space bispectrum, Bðk1; k2; k3Þ,
which only depends on the lengths of the three wave

numbers fk1; k2; k3g thanks to statistical isotropy, the
redshift-space bispectrum also depends on angles because
the velocity component along the line of sight breaks the
isotropy. Then, Eq. (41) yields
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In redshift space the  relations are more intricate:

Having already presented the methods we employ to
measure the derivative terms in the previous subsection,
the postprocessing for the simulation outputs is exactly the
same as in Ref. [28] except that we now consider the
particle positions in redshift space. The matter density field
is constructed with the Cloud-in-Cells (CIC) interpolation
on 10243 mesh cells, and subsequent computations are
based on the fast Fourier transform. The change in the
particle coordinates corresponding to a slight change in
lnDþ is also computed based on the calculation on the
same mesh cells for ∂ϕ=∂r and then interpolated to the
positions of particles using the CIC kernel [see Eq. (77)].
The monopole and the quadrupole moments of the

relation for the bispectra, Eqs. (48) and (49), are, respec-
tively, shown in the left and the right panels of Fig. 1. In
each panel, we fix the value of the larger wave number k
and plot the ratio of the two sides as a function of the
smaller wave number k0. The error bars are estimated based
on the scatter among the 60 independent realizations. They
thus correspond to the error level expected for an ideal
survey with a volume of ∼8 h−3Gpc3 when we can ignore
the shot-noise contamination. Overall, the ratio is close to
unity for both the monopole and quadrupole. From this
figure, we basically confirm the relations at the non-
perturbative level in the three-dimensional dynamics.

The dashed lines in Fig. 1 show the ratio of the measured
bispectrum to its tree-order predictions (67) and (68). For
the monopole, this lowest-order perturbative prediction
fares reasonably well as it only underestimates the non-
linear results by 30%, on these scales. However, it is
already less accurate than our result (48), which takes into
account higher-order and nonperturbative nonlinear cor-
rections (at the price of the approximationΩm=f2 ≃ 1). For
the quadrupole, the lowest-order perturbative prediction
does not appear in the panels at k ≥ 0.4 hMpc−1 because in
these cases it is out of range and actually gives the wrong
sign. This change of sign is likely due to the fingers-of-god
(FOG) effect, which is not captured by perturbation theory.
Indeed, it is well known that higher-order multipoles are
increasingly sensitive to small-scale nonlinear contribu-
tions, as FOG effects impart a strong angular dependence to
the bispectrum [32].
We can confirm this from Fig. 2; we remove most of the

FOG effect from the simulated density field in redshift
space by relocating all the member particles of friends-of-
friends halos to the centers of mass. We do this to one of our
60 realizations and measure the same angular-averaged
bispectra (symbols), which are compared with the original
measurement (solid lines) from the same realization. The
difference between the symbols and the lines is more
prominent for higher multipoles and on smaller scales. The

FIG. 1. Consistency-relation ratio for the redshift-space bis-
pectrum from N-body simulations. The circles with error bars
show our numerical measurements, while the dashed lines show
the ratio of the measured bispectrum to its tree-order predictions
(67) and (68). We omit the statistical errors on the dashed lines for
clarity, but they are very similar to those on the circles. Note that
the dashed lines fall out of the plotted range for the quadrupole
moment on small scales (k ≥ 0.4 hMpc−1), as they take the
wrong sign.

FIG. 2. Impact of the finger-of-god effect on the angular-
averaged bispectra. We show by the symbols the multipole
moments of the bispectra after the FOG removal with the
procedure explained in the text. The original measurement
without this compression is shown by the solid line. Note that
this exercise is done with one of our 60 realizations, and the result
from the same realization is shown for the original measurement
for a fair comparison.
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consistency 
relation = 1

lowest-order 
PT result

Here, we used the symmetries of the redshift-space power
spectrum to write PsðkÞ as a function of k and μ2. In
Eq. (43), the power spectrum is written as a function of time
through the functions Dþ and f, that is,

Psðk; tÞ ¼ Psðk; μ2;Dþ; fÞ: ð44Þ

In particular, in the linear regime, we have the well-known
expression

Ps
Lðk; tÞ ¼ D2

þPL0ðkÞð1þ fμ2Þ2; ð45Þ

where PL0 is the linear real-space power spectrum today.
When f ¼ 0, the relation (43) recovers the real-space
consistency relation, as it should.

B. Multipole expansion

The consistency relation (43) is written for a given
value of k and μ. In practice, rather than considering the
redshift-space power spectrum over a grid of μ, one
often expands the dependence on μ over Legendre
polynomials. Thus, we write the nonlinear redshift-space
power spectrum as

PsðkÞ ¼ Psðk; μ2Þ ¼
X∞

l¼0

Ps
2lðkÞL2lðμÞ; ð46Þ

where LlðμÞ is the Legendre polynomial of order l.
Only even orders contribute to this expansion because
Ps is an even function of μ. Substituting into Eq. (43),
we obtain
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For the first two multipoles, 2l ¼ 0 and 2l ¼ 2, this yields
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C. f derivative

1. Relations in fk; μ2g space

In practice, we cannot directly measure the derivative
with respect to f of the redshift-space power spectrum
because the time derivative combines the derivatives with
respect to Dþ and f. Therefore, the expression (43) can
only be applied to analytical models, where the depend-
ences on Dþ and f are explicitly known. To obtain an

expression that can be applied to numerical or observed
power spectra, we must write the derivative with respect to
f in terms of observed time or space coordinates. Since the
redshift-space power spectrum must coincide with the real-
space power spectrum when either f or μ2 vanishes, each
factor f (respectively, μ2) must appear in combination with
a power of μ2 (respectively, f). Here, we make the ansatz
that the dependence on f and μ2 only appears through the
combination fμ2, which is exact at the linear order (45) (but
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redshift-space power spectrum over a grid of μ, one
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C. f derivative

1. Relations in fk; μ2g space

In practice, we cannot directly measure the derivative
with respect to f of the redshift-space power spectrum
because the time derivative combines the derivatives with
respect to Dþ and f. Therefore, the expression (43) can
only be applied to analytical models, where the depend-
ences on Dþ and f are explicitly known. To obtain an

expression that can be applied to numerical or observed
power spectra, we must write the derivative with respect to
f in terms of observed time or space coordinates. Since the
redshift-space power spectrum must coincide with the real-
space power spectrum when either f or μ2 vanishes, each
factor f (respectively, μ2) must appear in combination with
a power of μ2 (respectively, f). Here, we make the ansatz
that the dependence on f and μ2 only appears through the
combination fμ2, which is exact at the linear order (45) (but
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Bispectrum monopole:

this approximate consistency 
relation significantly improves 
over lowest-order PT result, 
and goes up to k~1 h/Mpc



Density-velocity consistency relations

L. Rizzo, D. Mota and P.V. (2016,2017)



Let us go back to the exact kinematic consistency relations. 

For a long-wavelength perturbation, we had the transformation:

where we introduced the mean response function

R1;nðxÞ ¼
!
D½ρ1…ρn%
DδL0ðxÞ

"
: ð3Þ

Equation (2) describes how the mixed correlation (1)
between the initial Gaussian field δL0 and the dependent
quantities fρig is related to the response function of the
latter to this Gaussian field. Going to Fourier space, which
we denote with a tilde, with the normalizations δL0ðxÞ ¼R
dkeik·x ~δL0ðkÞ and h~δL0ðk1Þ~δL0ðk2Þi ¼ PL0ðk1ÞδDðk1þ

k2Þ, Eq. (2) gives
~C1;nðkÞ ¼ PL0ðkÞ ~R1;nð−kÞ; ð4Þ

where we defined the Fourier-space correlation and
response functions as

~C1;nðkÞ ¼ h~δL0ðkÞρ1…ρni; ~R1;nðkÞ ¼
!
D½ρ1…ρn%
D~δL0ðkÞ

"
:

Consistency relations for the density contrast.—If we
consider the quantities fρig to be the nonlinear matter
density contrasts ~δðki; τiÞ at wave number ki and con-
formal time τi, Eq. (4) is written as

h~δL0ðk0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ PL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð5Þ

On large scales the density field is within the linear regime,
~δðk0; τ0Þ → Dþðτ0Þ~δL0ðk0Þ; then for k0 → 0,

k0 → 0∶h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ Dþðτ0ÞPL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð6Þ

This relation can serve as a basis to derive consistency
relations for the squeezed limit of the nþ 1 density
correlations (i.e., the limit k0 → 0) if we obtain an explicit
expression for the response function in the right-hand side.
It turns out that this is possible because the response of the
matter distribution to a long-wavelength mode ~δL0ðk0Þ
takes a simple form in the limit k0 → 0 [1–3]. Such a
change ΔδL0 of the initial condition is associated with a
change of both the linear density and velocity fields,
because we change the linear growing mode where the
density and velocity fields are coupled [1],

δLðq; τÞ → δ̂L ¼ δL þDþðτÞΔδL0;

vLðq; τÞ → v̂L ¼ vL −
dDþ
dτ

∇−1
q ΔδL0: ð7Þ

Then, in the limit k0 → 0 for the support of ΔδL0ðk0Þ, the
trajectories of the particles are simply modified as [7]

xðq; τÞ → x̂ðq; τÞ ¼ xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð8Þ

where q is the Lagrangian coordinate of the particles and
ΨL0 is the linear displacement field,

ΔΨL0 ¼ −∇−1
q ΔδL0; xLðq; τÞ ¼ qþΨL: ð9Þ

The transformation (8) simplymeans that in the limit k0 → 0
smaller-scale structures are displaced by the uniform
translation ΨL0 as all particles fall at the same rate in the
additional constant force field ΔF ∝ ∇−1

q ΔδL0. In other
words, in the limit k0 → 0 we add an almost constant force
perturbation (i.e., a change of the gravitational potential that
is linear over q for small-scale subsystems) that gives rise to
a uniform displacement, thanks to the weak equivalence
principle [3,7]. Then, the density field δðx; τÞ at time τ is
merely displaced by the shift DþðτÞΔΨL0, which gives in
Fourier space

~δðk; τÞ → ~̂δðk; τÞ ¼ ~δðk; τÞe−ik·DþΔΨL0

¼ ~δðk; τÞ − iDþðk · ΔΨL0Þ~δðk; τÞ;
ð10Þ

where in the last expression we expanded up to linear order
over ΔΨL0. The reader may note that in Eq. (10) we do not
see the additive effect seen at the linear level in the first
Eq. (7). This is because although the small change of the
mean overdensity over a small structure also leads to a faster
(or slower) collapse and distorts the small-scale clustering,
this is a higher-order effect than the kinematic effect studied
in this Letter [10,11]. Indeed, we check in Eqs. (11) and (12)
that this kinematic effect gives rise to factors ∼1=k0 that
diverge as k0 → 0. This is because the linear displacement
field is proportional to the inverse gradient of the linear
density field, ΨL ¼ −∇−1

q δL. In contrast, the distortions of
the small-scale structure (i.e., changes to the shape and
amplitude of the small-scale clustering) are higher-order
effects and do not exhibit this factor 1=k0 [10,11]. Using the
expression ΨL0ðqÞ ¼

R
dkeik·qiðk=k2Þ~δL0ðkÞ, we obtain

k0 → 0∶ DΨL0ðqÞ
D~δL0ðk0Þ

¼ i
k0

k02
;

D~δðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~δðkÞ: ð11Þ

Using this result in the relation (6) gives

h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi0k0→0

¼ −PLðk0; τ0Þ

× h~δðk1; τ1Þ…~δðkn; τnÞi0
Xn

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02
; ð12Þ

which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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expression for the response function in the right-hand side.
It turns out that this is possible because the response of the
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takes a simple form in the limit k0 → 0 [1–3]. Such a
change ΔδL0 of the initial condition is associated with a
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over ΔΨL0. The reader may note that in Eq. (10) we do not
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where we introduced the mean response function

R1;nðxÞ ¼
!
D½ρ1…ρn%
DδL0ðxÞ

"
: ð3Þ

Equation (2) describes how the mixed correlation (1)
between the initial Gaussian field δL0 and the dependent
quantities fρig is related to the response function of the
latter to this Gaussian field. Going to Fourier space, which
we denote with a tilde, with the normalizations δL0ðxÞ ¼R
dkeik·x ~δL0ðkÞ and h~δL0ðk1Þ~δL0ðk2Þi ¼ PL0ðk1ÞδDðk1þ

k2Þ, Eq. (2) gives
~C1;nðkÞ ¼ PL0ðkÞ ~R1;nð−kÞ; ð4Þ

where we defined the Fourier-space correlation and
response functions as

~C1;nðkÞ ¼ h~δL0ðkÞρ1…ρni; ~R1;nðkÞ ¼
!
D½ρ1…ρn%
D~δL0ðkÞ

"
:

Consistency relations for the density contrast.—If we
consider the quantities fρig to be the nonlinear matter
density contrasts ~δðki; τiÞ at wave number ki and con-
formal time τi, Eq. (4) is written as

h~δL0ðk0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ PL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð5Þ

On large scales the density field is within the linear regime,
~δðk0; τ0Þ → Dþðτ0Þ~δL0ðk0Þ; then for k0 → 0,

k0 → 0∶h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi

¼ Dþðτ0ÞPL0ðk0Þ
!
D½~δðk1; τ1Þ…~δðkn; τnÞ%

D~δL0ð−k0Þ

"
: ð6Þ

This relation can serve as a basis to derive consistency
relations for the squeezed limit of the nþ 1 density
correlations (i.e., the limit k0 → 0) if we obtain an explicit
expression for the response function in the right-hand side.
It turns out that this is possible because the response of the
matter distribution to a long-wavelength mode ~δL0ðk0Þ
takes a simple form in the limit k0 → 0 [1–3]. Such a
change ΔδL0 of the initial condition is associated with a
change of both the linear density and velocity fields,
because we change the linear growing mode where the
density and velocity fields are coupled [1],

δLðq; τÞ → δ̂L ¼ δL þDþðτÞΔδL0;

vLðq; τÞ → v̂L ¼ vL −
dDþ
dτ

∇−1
q ΔδL0: ð7Þ

Then, in the limit k0 → 0 for the support of ΔδL0ðk0Þ, the
trajectories of the particles are simply modified as [7]

xðq; τÞ → x̂ðq; τÞ ¼ xðq; τÞ þDþðτÞΔΨL0ðqÞ; ð8Þ

where q is the Lagrangian coordinate of the particles and
ΨL0 is the linear displacement field,

ΔΨL0 ¼ −∇−1
q ΔδL0; xLðq; τÞ ¼ qþΨL: ð9Þ

The transformation (8) simplymeans that in the limit k0 → 0
smaller-scale structures are displaced by the uniform
translation ΨL0 as all particles fall at the same rate in the
additional constant force field ΔF ∝ ∇−1

q ΔδL0. In other
words, in the limit k0 → 0 we add an almost constant force
perturbation (i.e., a change of the gravitational potential that
is linear over q for small-scale subsystems) that gives rise to
a uniform displacement, thanks to the weak equivalence
principle [3,7]. Then, the density field δðx; τÞ at time τ is
merely displaced by the shift DþðτÞΔΨL0, which gives in
Fourier space

~δðk; τÞ → ~̂δðk; τÞ ¼ ~δðk; τÞe−ik·DþΔΨL0

¼ ~δðk; τÞ − iDþðk · ΔΨL0Þ~δðk; τÞ;
ð10Þ

where in the last expression we expanded up to linear order
over ΔΨL0. The reader may note that in Eq. (10) we do not
see the additive effect seen at the linear level in the first
Eq. (7). This is because although the small change of the
mean overdensity over a small structure also leads to a faster
(or slower) collapse and distorts the small-scale clustering,
this is a higher-order effect than the kinematic effect studied
in this Letter [10,11]. Indeed, we check in Eqs. (11) and (12)
that this kinematic effect gives rise to factors ∼1=k0 that
diverge as k0 → 0. This is because the linear displacement
field is proportional to the inverse gradient of the linear
density field, ΨL ¼ −∇−1

q δL. In contrast, the distortions of
the small-scale structure (i.e., changes to the shape and
amplitude of the small-scale clustering) are higher-order
effects and do not exhibit this factor 1=k0 [10,11]. Using the
expression ΨL0ðqÞ ¼

R
dkeik·qiðk=k2Þ~δL0ðkÞ, we obtain

k0 → 0∶ DΨL0ðqÞ
D~δL0ðk0Þ

¼ i
k0

k02
;

D~δðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~δðkÞ: ð11Þ

Using this result in the relation (6) gives

h~δðk0; τ0Þ~δðk1; τ1Þ…~δðkn; τnÞi0k0→0

¼ −PLðk0; τ0Þ

× h~δðk1; τ1Þ…~δðkn; τnÞi0
Xn

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02
; ð12Þ

which is the density consistency relation in the subhorizon
Newtonian regime [1–9]. Here the prime in h…i0 denotes
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This also gives for the velocity field:that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain

!
~δðk0; τ0Þ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0

k0→0

¼ −PLðk0; τ0Þ
#!Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

þ
Xnþm

i¼nþ1

!Yn

j¼1

~δðkj; τjÞ
Yi−1

j¼nþ1

~vðkj; τjÞ

×
$
ðdDþ=dτÞðτiÞ

Dþðτ0Þ
i
k0

k02
δDðkiÞ

% Ynþm

j¼iþ1

~vðkj; τjÞ
"0&

: ð15Þ

If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain

!
~δðk0; τ0Þ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0

k0→0

¼ −PLðk0; τ0Þ
#!Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~vðkj; τjÞ
"0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

þ
Xnþm

i¼nþ1

!Yn

j¼1

~δðkj; τjÞ
Yi−1

j¼nþ1

~vðkj; τjÞ

×
$
ðdDþ=dτÞðτiÞ

Dþðτ0Þ
i
k0

k02
δDðkiÞ

% Ynþm

j¼iþ1

~vðkj; τjÞ
"0&

: ð15Þ

If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation

PRL 117, 081301 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

19 AUGUST 2016

081301-3

uniform translation change of the velocity amplitude

this effect will not disappear in equal-time statistics !

This Dirac term at k=0 will be relevant in composite operators (momentum, ..): 

that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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that we removed the Dirac factors δDð
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able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields
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D~δL0ðk0Þ
¼ Dþ
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Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
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The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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This leads to:

that we removed the Dirac factors δDð
P

kiÞ. The remark-
able property of Eq. (12) is that it does not require the wave
numbers ki to be in the linear or perturbative regimes. In
particular, it still applies when ki are in the highly nonlinear
regime governed by shell-crossing effects and affected by
baryonic and galactic processes such as star formation and
cooling. In fact, under the approximation of the squeezed
limit, the long-wavelength fluctuation ~δL0ðk0Þmerely trans-
ports the small-scale structure of the system. This also leads
to another key property of Eq. (12), namely, that it vanishes
at equal times, τ1 ¼ :: ¼ τn.
Consistency relations for velocity and momentum

fields.—The leading-order effect of a long-wavelength
perturbation is to move smaller structures by a uniform
shift and single-time statistics that only probe the density
field cannot see any effect. However, it is clear that we may
detect an effect if we consider the velocity field, as the latter

is again displaced but also has its amplitude modified.
Thus, the transformation law (10) becomes

~vðk; τÞ → ~̂vðk; τÞ ¼ ~vðk; τÞ − iDþðk · ΔΨL0Þ~vðk; τÞ

þ dDþ
dτ

ΔΨL0δDðkÞ; ð13Þ

where the last factor is the new term, as compared with
Eq. (10), that is associated with the shift of the amplitude.
This yields

k0 → 0∶
D~vðkÞ

D~δL0ðk0Þ
¼ Dþ

k · k0

k02
~vðkÞ þ dDþ

dτ
i
k0

k02
δDðkÞ:

ð14Þ

Using again the general relation (4), as in Eq. (6) but where
the quantities fρ1; ::; ρng are a combination of density
contrasts and velocities, we obtain
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:

ð17Þ

Using Eqs. (11) and (14) we obtain

k0 → 0∶
D ~pðkÞ
D~δL0ðk0Þ

¼ Dþ
k · k0

k02
~pðkÞ

þ dDþ
dτ

i
k0

k02
½δDðkÞ þ ~δðkÞ&: ð18Þ

The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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If we take ki ≠ 0, as usual for studies of Fourier-space
polyspectra, the last term vanishes and we recover the same
form as for the consistency relation (12) of the density field.
However, this new Dirac term gives a nonzero contribution
in configuration space. Therefore, real-space correlation
functions obey consistency relations that differ from
those of the density field if we include cross correlations
with the velocity field. The correlation functions in
Eq. (15) are 3m-component quantities, as the velocity field
is a 3-component vector. One may obtain scalar relations by
taking for instance the divergence of the velocity field or
considering the components along Cartesian coordinates.
The divergence θ ¼ ∇ · v was considered in [2,5]. We
recover the fact that it obeys relations similar to the
density field because the new Dirac term δDðkiÞ disappears
as ~θi ¼ iki · ~vi. We rather focus on the divergence
of the momentum field in this Letter, as it yields new
terms in the consistency relations and it satisfies a direct
relationship with the density field, which may provide
useful checks.
One simple way to make the last term in Eq. (13) relevant

in Fourier space at nonzero wave numbers is to consider
composite operators, that is, products of the velocity field
with other fields. Therefore, we define the momentum p as

p ¼ ð1þ δÞv; ð16Þ

which reads in Fourier space as

~pðkÞ ¼ ~vðkÞ þ
Z

dk1dk2δDðk1 þ k2 − kÞ~δðk1Þ~vðk2Þ:
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The first term, which is common with Eqs. (11) and (14),
corresponds to the translation of the system, whereas
the second term corresponds to the additional velocity
generated by the long-wavelength mode. Thanks to the
convolution in Eq. (17) it is now nonzero for k ≠ 0.
However, in contrast to the translation term, it transforms
the field because the functional derivative of the momen-
tum ~p now gives rise to a factor that is proportional to the
density contrast ~δ. In a fashion similar to Eqs. (12) and (15),
we obtain the consistency relation
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A) Non-zero equal-time relation



Nonzero consistency relation at equal times:
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The first term, which has the same form as the density and velocity consistency relations (12) and (15), is due to the
translation of smaller-scale structures by the long-wavelength mode k0. The new second term is due to the additional
velocity and arises from the second term in Eq. (18). This term has a different form as it transforms one small-scale
momentum mode, ~pðkiÞ, into a small-scale density mode, ~δðkiÞ. Moreover, this new term no longer automatically vanishes
at equal times. This leads to a nontrivial consistency relation at equal times, when τ0 ¼ τ1 ¼ :: ¼ τnþm,
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where we did not write the common time τ of all fields. We can also obtain a consistency relation that involves both the
density and velocity fields ~δ and ~v, together with the momentum field ~p, and it shows the same behaviors.
To obtain a scalar quantity from the momentum field p we consider its divergence,

λ≡∇ · ½ð1þ δÞv&; ~λðkÞ ¼ ik · ~pðkÞ: ð21Þ

Then, the consistency relation for the divergence ~λ follows from Eq. (19). This gives

!
~δðk0; τ0Þ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~λðkj; τjÞ
"0

k0→0

¼ −PLðk0; τ0Þ
#!Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1

~λðkj; τjÞ
"0 Xnþm

i¼1

DþðτiÞ
Dþðτ0Þ

ki · k0

k02

−
Xnþm

i¼nþ1

!
~δðki; τiÞ

Yn

j¼1

~δðkj; τjÞ
Ynþm

j¼nþ1
j≠i

~λðkj; τjÞ
"0 ðdDþ=dτÞðτiÞ

Dþðτ0Þ
ki · k0

k02

&
: ð22Þ

At equal times this gives the relation

!
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Yn

j¼1

~δðkjÞ
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~λðkjÞ
"0

k0→0
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!
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j≠i

~λðkjÞ
"0
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where we did not write the common time τ of all fields. We
can easily check the relation (22) by noticing that the
divergence λ is related to the density field through the
continuity equation, ð∂δ=∂τÞ þ∇ · ½ð1þ δÞv& ¼ 0, which
implies λ ¼ −∂δ=∂τ. Therefore, Eq. (22) can be directly
obtained from the density consistency relation (12) by
taking partial derivatives with respect to the times τj.
Applications.—As for the density contrast relation (12),

the new consistency relations that we have obtained in this
Letter are valid beyond the perturbative regime, after shell
crossing, and also apply to baryons, gas, and galaxies,
independently of the bias of the objects that are used.

Indeed, they only use the property (8), which states that at
leading order the effect of a long-wavelength mode is to
move smaller-scale structures without disturbing them.
This relies on the equivalence principle, which states that
all particles (and astrophysical objects) fall at the same rate
in a gravitational potential well (the inertial mass is also the
gravitational mass) [3,7,8].
After shell crossing we enter a multistreaming regime

where the velocity field is multivalued: at a given position
there are several streams with different velocities as they
cross each other and build a nonzero velocity dispersion, as
within virialized halos. Nevertheless, our results remain
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For the bispectrum:

valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0 ¼ −i k
0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ;

h~δðk0Þ~δðkÞ~λð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ:

Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are

h~δðk0Þ~δgðkÞ ~pgð−kÞi0k0→0 ¼ −i
k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð24Þ

h~δðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð25Þ

where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
Pδgδgðk

0Þ

× PδgδgðkÞ; ð26Þ

where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0
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Here PðkÞ is the nonlinear density power spectrum and
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where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes
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where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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Again, it also applies to biased tracers, independently of baryonic physics etc.....
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The first term, which has the same form as the density and velocity consistency relations (12) and (15), is due to the
translation of smaller-scale structures by the long-wavelength mode k0. The new second term is due to the additional
velocity and arises from the second term in Eq. (18). This term has a different form as it transforms one small-scale
momentum mode, ~pðkiÞ, into a small-scale density mode, ~δðkiÞ. Moreover, this new term no longer automatically vanishes
at equal times. This leads to a nontrivial consistency relation at equal times, when τ0 ¼ τ1 ¼ :: ¼ τnþm,
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where we did not write the common time τ of all fields. We can also obtain a consistency relation that involves both the
density and velocity fields ~δ and ~v, together with the momentum field ~p, and it shows the same behaviors.
To obtain a scalar quantity from the momentum field p we consider its divergence,

λ≡∇ · ½ð1þ δÞv&; ~λðkÞ ¼ ik · ~pðkÞ: ð21Þ

Then, the consistency relation for the divergence ~λ follows from Eq. (19). This gives
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At equal times this gives the relation
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where we did not write the common time τ of all fields. We
can easily check the relation (22) by noticing that the
divergence λ is related to the density field through the
continuity equation, ð∂δ=∂τÞ þ∇ · ½ð1þ δÞv& ¼ 0, which
implies λ ¼ −∂δ=∂τ. Therefore, Eq. (22) can be directly
obtained from the density consistency relation (12) by
taking partial derivatives with respect to the times τj.
Applications.—As for the density contrast relation (12),

the new consistency relations that we have obtained in this
Letter are valid beyond the perturbative regime, after shell
crossing, and also apply to baryons, gas, and galaxies,
independently of the bias of the objects that are used.

Indeed, they only use the property (8), which states that at
leading order the effect of a long-wavelength mode is to
move smaller-scale structures without disturbing them.
This relies on the equivalence principle, which states that
all particles (and astrophysical objects) fall at the same rate
in a gravitational potential well (the inertial mass is also the
gravitational mass) [3,7,8].
After shell crossing we enter a multistreaming regime

where the velocity field is multivalued: at a given position
there are several streams with different velocities as they
cross each other and build a nonzero velocity dispersion, as
within virialized halos. Nevertheless, our results remain
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We also obtain for the divergence of the momentum field:

valid. In that case, v can be taken as any of these streams or
as any given linear combination of them, because all stream
velocities are modified in the same way. In multistreaming
regions, such as high-density nonlinear environments like
clusters or filaments, it is more practical to work with the
mean momentum p, where Eq. (16) reads in the case of
several streams i as p ¼

P
streamsð1þ δiÞvi, or in terms of a

phase-space distribution function as p ¼
R
dvfðx; vÞv.

This is also more convenient for observational purposes
as we only observe velocities where there is baryonic
matter, so that it is easier to build momentum maps than
velocity maps, which are difficult to measure in voids. The
expression (18) remains valid in these multistreaming
regions, as the first term simply expresses the translation
of the smaller-scale system while the second term expresses
the large-scale constant additive term that is added to all
velocities. Thus, these consistency relations only rely on
(1) Gaussian initial conditions [Eq. (4)]; (2) the weak
equivalence principle [Eq. (8)].Therefore, a detection of a
violation would be a signature of non-Gaussian initial
conditions or of a modification of gravity (or a fifth force).
In practice, we also need to make sure the large-scale wave
number k0 is within the linear regime and far below the
other wave numbers ki, so that the limit k0 → 0 is reached.
The simplest relation that does not vanish at equal times

is the bispectrum with one momentum field. From Eqs. (20)
and (23) we obtain for k ≠ 0

h~δðk0Þ~δðkÞ ~pð−kÞi0k0→0 ¼ −i k
0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ;

h~δðk0Þ~δðkÞ~λð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPðkÞ:

Here PðkÞ is the nonlinear density power spectrum and
these relations remain valid in the nonperturbative non-
linear regime. For galaxies these relations are

h~δðk0Þ~δgðkÞ ~pgð−kÞi0k0→0 ¼ −i
k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð24Þ

h~δðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
PLðk0ÞPδgδgðkÞ;

ð25Þ

where ~δ and PL are again the matter density field and linear
power spectrum, ~δg and ~pg the galaxy density contrast and
momentum, and Pδgδg the galaxy density power spectrum.
In Eqs. (24) and (25) we kept the long mode k0 as the matter

density contrast ~δ because the actual consistency relation is
with respect to the initial condition δL0, as in Eq. (5), and
δðk0Þ merely stands for Dþðτ0ÞδL0ðk0Þ in the limit k0 → 0.
If we wish to write Eqs. (24) and (25) in terms of galaxy
fields only, we need to assume that the matter and galaxy
density fields are related by a finite bias b1 in the limit
k0 → 0. Then, Eq. (25) becomes

b1h~δgðk0Þ~δgðkÞ~λgð−kÞi0k0→0 ¼ −
k · k0

k02
d lnDþ

dτ
Pδgδgðk

0Þ

× PδgδgðkÞ; ð26Þ

where we assumed a deterministic large-scale limit b1 for
the galaxy bias, k0 → 0∶δgðk0Þ ¼ b1δðk0Þ. Then, Eq. (26)
can be used as a measurement of the large-scale bias b1.
Conclusions.—We have obtained in this Letter very

general and exact consistency relations for cosmological
structures that do not vanish at equal times by taking
cross correlations with the velocity or momentum fields.
These relations, which are nonperturbative and also
apply to galaxy fields, could be useful to constrain the
Gaussianity of the initial conditions, deviations from
general relativity, or large-scale galaxy bias.
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B) Link with observable quantities

1) ISW

Secondary CMB anisotropy due to the Integrated Sachs-Wolfe effect:

A&A 606, A128 (2017)

where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
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where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),
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For generality, we considered here the small-scale fields �̃g(k1)
and p̃g(k2) to be associated with biased tracers such as galaxies,
and the tracers associated with k1 and k2 can again be di↵erent
and have di↵erent bias. At equal times, Eq. (5) reads as

h�̃(k)�̃g(k1) p̃g(k2)i0k!0 = �i
k
k2

d ln D
d⌘

PL(k)Pg(k1), (6)

where Pg(k) is the galaxy nonlinear power spectrum and we
omitted the common time dependence. This result does not
vanish thanks to the term generated by p̃ in the consistency
relation (5).

2.3. Consistency relations for momentum-divergence

correlations

In addition to the momentum field p, we can consider its diver-
gence �, defined by

� ⌘ r · [(1 + �)u] = �@�
@⌘
· (7)

The second equality expresses the continuity equation, that is,
the conservation of matter. In the squeezed limit we obtain from
Eq. (4) (Rizzo et al. 2016)
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j,i

�̃(k j, ⌘ j)
+0

⇥ (dD/d⌘)(⌘i)
D(⌘)

ki · k
k2

)
· (8)

These relations can actually be obtained by taking derivatives
with respect to the times ⌘ j of the density consistency rela-
tions (1), using the second equality (7). As for the momentum
consistency relations (4), these relations remain valid in the non-
linear regime and for biased small-scale fields �̃g(k j) and �̃g(k j).
The second term in Eq. (8), which arises from the �̃ fields only,
remains nonzero at equal times. This is due to the fact that � in-
volves the velocity or the time-derivative of the density, which
probes the evolution between (infinitesimally close) di↵erent
times.

The simplest relation associated with Eq. (8) is the bispec-
trum among two density-contrast fields and one momentum-
divergence field,

h�̃(k, ⌘)�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0k!0 = �PL(k, ⌘)
k1 · k

k2

⇥
✓
h�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0D(⌘1) � D(⌘2)

D(⌘)

+ h�̃g(k1, ⌘1)�̃g(k2, ⌘2)i0 1
D(⌘)

dD
d⌘

(⌘2)
◆
. (9)

At equal times, Eq. (9) reads as

h�̃(k)�̃g(k1)�̃g(k2)i0k!0 = �
k1 · k

k2
d ln D

d⌘
PL(k)Pg(k1). (10)

3. Observable quantities

To test cosmological scenarios with the consistency relations of
large-scale structures we need to relate them to observable quan-
tities. We describe in this section the observational probes that
we consider in this paper. We use the galaxy numbers counts or
the weak lensing convergence to probe the density field. To ap-
ply the momentum consistency relations (6) and (10), we use the
ISW e↵ect to probe the momentum divergence � (more precisely
the time derivative of the gravitational potential and matter den-
sity) and the kSZ e↵ect to probe the momentum p.

3.1. Galaxy number density contrast �g

From galaxy surveys we can typically measure the galaxy den-
sity contrast within a redshift bin, smoothed with a finite-size
window on the sky,

�sg(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ Ig(⌘)�g[r, r✓ 0; ⌘], (11)

where W⇥(|✓ 0 � ✓|) is a 2D symmetric window function centered
on the direction ✓ on the sky, of characteristic angular radius ⇥,
Ig(⌘) is the radial weight along the line of sight associated with
a normalized galaxy selection function ng(z),

Ig(⌘) =
�����
dz
d⌘

����� ng(z), (12)

r = ⌘0 � ⌘ is the radial comoving coordinate along the line of
sight, and ⌘0 is the conformal time today. Here and in the fol-
lowing we use the flat sky approximation, and ✓ is the 2D vector
that describes the direction on the sky of a given line of sight. The
superscript “s” in �sg denotes that we smooth the galaxy density
contrast with the finite-size window W⇥. Expanding in Fourier
space, we can write the galaxy density contrast as

�sg(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ Ig(⌘)

⇥
Z

dk eikkr+ik?·r✓ 0 �̃g(k, ⌘), (13)

where kk and k? are respectively the parallel and the perpendicu-
lar components of the 3D wavenumber k = (kk, k?) (with respect
to the reference direction ✓ = 0, and we work in the small-angle
limit ✓ ⌧ 1). Defining the 2D Fourier transform of the window
W⇥ as

W̃⇥(|`|) =
Z

d✓ e�i`·✓W⇥(|✓|), (14)

we obtain

�sg(✓) =
Z

d⌘ Ig(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃g(k, ⌘). (15)

3.2. Weak lensing convergence 

From weak lensing surveys we can measure the weak lensing
convergence, given in the Born approximation by

s(✓) =
Z

d✓ 0W⇥(|✓ 0 � ✓|)
Z

d⌘ r g(r)r2 + �

2
[r, r✓ 0; ⌘], (16)

where  and � are the Newtonian gauge gravitational potentials
and the kernel g(r) that defines the radial depth of the survey is

g(r) =
Z 1

r
drs

dzs

drs
ng(zs)

rs � r
rs
, (17)
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
 
@ 

@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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where ng(zs) is the redshift distribution of the source galaxies.
Assuming no anisotropic stress, that is, � =  , and using the
Poisson equation,

r2 = 4⇡GN⇢̄0�/a, (18)

where GN is the Newton constant, ⇢̄0 is the mean matter density
of the Universe today, and a is the scale factor, we obtain

s(✓) =
Z

d⌘ I(⌘)
Z

dk W̃⇥(k?r)eikkr+ik?·r✓ �̃(k, ⌘), (19)

with

I(⌘) = 4⇡GN⇢̄0
rg(r)

a
· (20)

3.3. ISW secondary anisotropy �ISW

From Eq. (7) � can be obtained from the momentum divergence
or from the time derivative of the density contrast. These quanti-
ties are not as directly measured from galaxy surveys as density
contrasts. However, we can relate the time derivative of the den-
sity contrast to the ISW e↵ect, which involves the time deriva-
tive of the gravitational potential. Indeed, the secondary CMB
temperature anisotropy due to the integrated Sachs-Wolfe e↵ect
along the direction ✓ reads as (Garriga et al. 2004)

�ISW(✓) =
Z

d⌘ e�⌧(⌘)
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@⌘
+
@�

@⌘

!
[r, r✓; ⌘]

= 2
Z

d⌘ e�⌧(⌘)
@ 

@⌘
[r, r✓; ⌘], (21)

where ⌧(⌘) is the optical depth, which takes into account the pos-
sibility of late reionization, and in the second line we assumed
no anisotropic stress, that is, � =  . We can relate �ISW to �
through the Poisson equation (18), which reads in Fourier space
as

�k2 ̃ = 4⇡GN⇢̄0�̃/a. (22)

This gives

@ ̃

@⌘
=

4⇡GN⇢̄0

k2a
(�̃ +H �̃), (23)

where H = d ln a/d⌘ is the conformal expansion rate. Integrat-
ing the ISW e↵ect �ISW over some finite-size window on the sky,
we obtain, as in Eq. (15),

�s
ISW(✓) =

Z
d⌘ IISW(⌘)

Z
dk W̃⇥(k?r)eikkr+ik?·r✓

⇥ �̃ +H �̃
k2 , (24)

with

IISW(⌘) = 8⇡GN⇢̄0
e�⌧

a
· (25)

3.4. Kinematic SZ secondary anisotropy �kSZ

Thomson scattering of CMB photons o↵ moving free electrons
in the hot galactic or cluster gas generates secondary anisotropies
(Sunyaev & Zeldovich 1980; Gruzinov & Hu 1998; Knox et al.
1998). The temperature perturbation, �kSZ = �T/T , due to this
kinematic Sunyaev-Zeldovich (kSZ) e↵ect, is

�kSZ(✓) = �
Z

dl · ue�Tnee�⌧ =
Z

d⌘ IkSZ(⌘)n(✓) · pe, (26)

where ⌧ is again the optical depth, �T the Thomson cross sec-
tion, l the radial coordinate along the line of sight, ne the number
density of free electrons, ue their peculiar velocity, and n(✓) the
radial unit vector pointing to the line of sight. We also defined
the kSZ kernel by

IkSZ(⌘) = ��Tn̄eae�⌧, (27)

and the free electrons momentum pe as

neue = n̄e(1 + �e)ue = n̄e pe. (28)

Because of the projection n· pe along the line of sight, some care
must be taken when we smooth �kSZ(✓) over some finite-size an-
gular window W⇥(|✓0 � ✓|). Indeed, because the di↵erent lines of
sight ✓0 in the conical window are not perfectly parallel, if we
define the longitudinal and transverse momentum components
by the projection with respect to the mean line of sight n(✓) of
the circular window, for example, pek = n(✓) · pe, the projection
n(✓0) · pe receives contributions from both pek and pe?. In the
limit of small angles we could a priori neglect the contribution
associated with pe?, which is multiplied by an angular factor and
vanishes for a zero-size window. However, for small but finite
angles, we need to keep this contribution because fluctuations
along the lines of sight are damped by the radial integrations and
vanish in the Limber approximation, which damps the contribu-
tion associated with pek.

For small angles we write at linear order n(✓) = (✓x, ✓y, 1),
close to a reference direction ✓ = 0. Then, the integration over
the angular window gives for the smoothed kSZ e↵ect

�s
kSZ(✓) =

Z
d⌘ IkSZ(⌘)

Z
dk eik·nr


p̃ekW̃⇥(k?r)

�i
k? · p̃e?

k?
W̃ 0⇥(k?r)

�
. (29)

Here we expressed the result in terms of the longitudinal and
transverse components of the wave numbers and momenta with
respect to the mean line of sight n(✓) of the circular window W⇥.
Thus, whereas the radial unit vector is n(✓) = (✓x, ✓y, 1), we can
define the transverse unit vectors as n?x = (1, 0,�✓x) and n?y =
(0, 1,�✓y), and we write for instance k = k?xn?x + k?yn?y + kkn.
We denote W̃ 0⇥(`) = dW̃⇥/d`. The last term in Eq. (29) is due to
the finite size⇥ of the smoothing window, which makes the lines
of sight within the conical beam not strictly parallel. It vanishes
for an infinitesimal window, where W⇥(✓) = �D(✓) and W̃⇥ = 1,
W̃ 0⇥ = 0. We find in Sect. 5.1 that this contribution is typically
negligible in the regime where the consistency relations apply, as
the width of the small-scale windows is much smaller than the
angular size associated with the long mode.

3.5. Comparison with some other probes

As we explained above, in order to take advantage of the con-
sistency relations we use the ISW or kSZ e↵ects because they
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involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥
*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥ PL(k, ⌘)
k1 · k

k2 �D(k + k1 + k2)

⇥
 *
�̃g1

�̃2 +H2�̃2
k2

2

+0 D(⌘1) � D(⌘2)
D(⌘)

+

*
�̃g1

�̃2
k2

2

+0 1
D(⌘)

dD
d⌘

(⌘2)
!
. (34)
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involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥
*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥ PL(k, ⌘)
k1 · k

k2 �D(k + k1 + k2)

⇥
 *
�̃g1

�̃2 +H2�̃2
k2

2

+0 D(⌘1) � D(⌘2)
D(⌘)

+

*
�̃g1

�̃2
k2

2

+0 1
D(⌘)

dD
d⌘

(⌘2)
!
. (34)
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involve the time-derivative of the density field or the gas ve-
locity. The reader may then note that redshift-space distortions
(RSD) also involve velocities, but previous works that studied
the galaxy density field in redshift space (Creminelli et al. 2014;
Kehagias et al. 2014a) found that there is no equal-time e↵ect,
as in the real-space case. Indeed, in both real space and red-
shift space, the long mode only generates a uniform change of
coordinate (in the redshift-space case, this shift involves the ra-
dial velocity). Then, there is no e↵ect at equal times because
such uniform shifts do not produce distortions and observable
signatures. In contrast, in our case there is a nonzero equal-time
e↵ect because the e↵ect of the long mode cannot be absorbed
by a simple change of coordinates. Indeed, the kSZ e↵ect, asso-
ciated with the scattering of CMB photons by free electrons in
hot ionized gas (e.g., in X-ray clusters), actually probes the ve-
locity di↵erence between the rest-frame of the CMB and the hot
gas. Thus, the CMB last-scattering surface provides a reference
frame and the long mode generates a velocity di↵erence with
respect to that frame that cannot be described as a change of co-
ordinate. This explains why the kSZ e↵ect makes the long-mode
velocity shift observable, without conflicting with the equiva-
lence principle. There is also a nonzero e↵ect for the ISW case,
because the latter involves the time derivative of the density field,
so that an equal-time statistics actually probes di↵erent-times
properties of the density field (e.g., if we write the time deriva-
tive as an infinitesimal finite di↵erence).

If we cross-correlate real-space and redshift-space quantities,
there will also remain a nonzero e↵ect at equal times, because
the long mode generates di↵erent shifts for the real-space and
redshift-space fields. Thus, we can consider the e↵ect of a long
mode on small-scale correlations of the weak lensing conver-
gence  with redshift-space galaxy density contrasts �sg. How-
ever, weak lensing observables have broad kernels along the line
of sight, so that a small di↵erential shift along the radial direction
is suppressed. In contrast, in the kSZ case the e↵ect is directly
due to the change of velocity by the long mode, and not by the
indirect impact of the change of the radial redshift coordinate.

Another observable e↵ect of the long mode was pointed out
in Baldauf et al. (2015). These authors noticed that a long mode
of wave length 2⇡/k of the same order as the baryon acoustic
oscillation (BAO) scale, xBAO ⇠ 110h�1 Mpc, gives a di↵er-
ent shift to galaxies separated by this distance. This produces
a spread of the BAO peak, after we average over the long mode.
The reason why this e↵ect is observable is that the correlation
function shows a narrow peak at the BAO scale, with a width of
order �xBAO ⇠ 20h�1 Mpc. This narrow feature provides a probe
of the small displacement of galaxies by the long mode, which
would otherwise be negligible if the galaxy correlation were a
slow power law. As noticed above, the absence of such a narrow
feature suppresses the signal associated with cross-correlations
among weak-lensing (real-space) quantities and redshift-space
quantities, because of the radial broadening of the weak-lensing
probes.

This BAO probe is actually a second-order e↵ect, in the sense
of the consistency relations. Indeed, the usual consistency rela-
tions are obtained in the large-scale limit k ! 0, where the long
mode generates a uniform displacement of the small-scale struc-
tures. In contrast, the spread of the BAO peak relies on the di↵er-
ential displacement between galaxies separated by xBAO. In the
Taylor expansion of the displacement with respect to the posi-
tions of the small-scale structures, beyond the lowest-order con-
stant term one takes into account the linear term over x, which
scales as kx. This is why this e↵ect requires that k be finite and
not too small, of order k ⇠ 2⇡/xBAO.

4. Consistency relation for the ISW temperature
anisotropy

In this section we consider cross correlations with the ISW ef-
fect. This allows us to apply the consistency relation (9), which
involves the momentum divergence � and remains nonzero at
equal times.

4.1. Galaxy-galaxy-ISW correlation

To take advantage of the consistency relation (9), we must con-
sider three-point correlations ⇠3 (in configuration space) with
one observable that involves the momentum divergence �. Here,
using the expression (24), we study the cross-correlation be-
tween two galaxy density contrasts and one ISW temperature
anisotropy,
⇠3(�sg, �

s
g1
,�s

ISW2
) = h�sg(✓) �sg1

(✓1)�s
ISW2

(✓2)i. (30)
The subscripts g, g1, and ISW2 denote the three lines of sight
associated with the three probes. Moreover, the subscripts g and
g1 recall that the two galaxy populations associated with �sg and
�sg1

can be di↵erent and have di↵erent bias. As we recalled in
Sect. 2, the consistency relations rely on the undistorted motion
of small-scale structures by large-scale modes. This corresponds
to the squeezed limit k ! 0 in the Fourier-space Eqs. (1) and (8),
which writes more precisely as
k ⌧ kL, k ⌧ k j, (31)
where kL is the wavenumber associated with the transition be-
tween the linear and nonlinear regimes. The first condition en-
sures that �̃(k) is in the linear regime, while the second condi-
tion ensures the hierarchy between the large-scale mode and the
small-scale modes. In configuration space, these conditions cor-
respond to
⇥ � ⇥L, ⇥ � ⇥ j, |✓ � ✓ j| � |✓1 � ✓2|. (32)
The first condition ensures that �sg(✓) is in the linear regime,
whereas the next two conditions ensure the hierarchy of scales.

The expressions (15) and (24) give

⇠3=

Z
d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k2?r2)

⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)

⇥
*
�̃g(k, ⌘)�̃g1 (k1, ⌘1)

�̃(k2, ⌘2) +H2�̃(k2, ⌘2)
k2

2

+
· (33)

The configuration-space conditions (32) ensure that we satisfy
the Fourier-space conditions (31) and that we can apply the con-
sistency relations (2) and (9). This gives

⇠3 = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IISW2 (⌘2)
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⇥ ei(kkr+k1kr1+k2kr2+k?·r✓+k1?·r1✓1+k2?·r2✓2)
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k1 · k
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⇥
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2
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
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0
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⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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Here we assumed that on large scales the galaxy bias is linear,

k ! 0: �̃g(k) = bg(⌘)�̃(k) + ✏̃(k), (35)

where ✏̃ is a stochastic component that represents shot noise and
the e↵ect of small-scale (e.g., baryonic) physics on galaxy for-
mation. From the decomposition (35), it is uncorrelated with the
large-scale density field (Hamaus et al. 2010), h�̃(k)✏̃(k)i = 0.
Then, in Eq. (34) we neglected the term h✏̃�̃g1 (�̃2 + H2�̃2)i. In-
deed, the small-scale local processes within the region ✓ should
be very weakly correlated with the density fields in the dis-
tant regions ✓1 and ✓2, which at leading order are only sensi-
tive to the total mass within the large-scale region ✓. Therefore,
h✏̃�̃g1 (�̃2 +H2�̃2)i should exhibit a fast decay at low k, whereas
the term in Eq. (34) associated with the consistency relation only
decays as PL(k)/k ⇠ kns�1 with ns ' 0.96. In Eq. (34), we also
assumed that the galaxy bias bg goes to a constant at large scales,
which is usually the case, but we could take into account a scale
dependence [by keeping the factor bg(k, ⌘) in the integral over k].

The small-scale two-point correlations h1 · 2i0 are dominated
by contributions at almost equal times, ⌘1 ' ⌘2, as di↵erent red-
shifts would correspond to points that are separated by several
Hubble radii along the lines of sight and density correlations are
negligible beyond Hubble scales. Therefore, ⇠3 is dominated by
the second term that does not vanish at equal times. The integrals
along the lines of sight suppress the contributions from longitu-
dinal wavelengths below the Hubble radius c/H, while the angu-
lar windows only suppress the wavelengths below the transverse
radii c⇥/H. Then, for small angular windows, ⇥ ⌧ 1, we can
use Limber’s approximation, kk ⌧ k? hence k ' k?. Integrating
over kk through the Dirac factor �D(kk + k1k + k2k), and next over
k1k and k2k, we obtain the Dirac factors (2⇡)2�D(r1 � r)�D(r2 � r).
This allows us to integrate over ⌘1 and ⌘2 and we obtain

⇠3 = �(2⇡)2
Z

d⌘ bg(⌘)Ig(⌘)Ig1 (⌘)IISW2 (⌘)
d ln D

d⌘

⇥
Z

dk?dk1?dk2?�D(k? + k1? + k2?)W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k2?r)eir(k?·✓+k1?·✓1+k2?·✓2)

⇥ PL(k?, ⌘)
k1? · k?
k2?k2

2?
Pg1,m(k1?, ⌘), (36)

where Pg1,m is the galaxy-matter power spectrum. The integra-
tion over k2? gives

⇠3=�(2⇡)2
Z

d⌘ bgIgIg1 IISW2

d ln D
d⌘

Z
dk?dk1?W̃⇥(k?r)

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)PL(k?, ⌘)Pg1,m(k1?, ⌘)

⇥ eir[k?·(✓�✓2)+k1?·(✓1�✓2)] k1? · k?
k2

1?k2?
, (37)

and the integration over the angles of k? and k1? gives

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ bgIgIg1 IISW2

d ln D
d⌘

⇥
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0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)Pg1,m(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|), (38)

where J1 is the first-order Bessel function of the first kind.

As the expression (38) arises from the kinematic consistency
relations, it expresses the response of the small-scale two-point
correlation h�sg1

(✓1)�s
ISW2

(✓2)i to a change of the initial condition
associated with the large-scale mode �sg(✓). The kinematic e↵ect
given at the leading order by Eq. (38) is due to the uniform mo-
tion of the small-scale structures by the large-scale mode. This
explains why the result (38) vanishes in the two following cases:

1. (✓ � ✓2) ? (✓1 � ✓2). There is a nonzero response of h�1�2i
if there is a linear dependence on �(✓) of h�1�2i, so that its
first derivative is nonzero. A positive (negative) �(✓) leads to
a uniform motion at ✓2 towards (away from) ✓, along the di-
rection (✓ � ✓2). From the point of view of ✓1 and ✓2, there
is a reflection symmetry with respect to the axis (✓1 � ✓2).
For instance, if �1 > 0 the density contrast at a position ✓3
typically decreases in the mean with the radius |✓3 � ✓1|, and
for �✓2 ? (✓1 � ✓2) the points ✓±3 = ✓2 ± �✓2 are at the same
distance from ✓1 and have the same density contrast �3 in the
mean, with typically �3 < �2 as |✓±3 � ✓1| > |✓2 � ✓1|. There-
fore, the large-scale flow along (✓ � ✓2) leads to a positive
�2 = ���2/�⌘2 independently of whether the matter moves
towards or away from ✓ (here we took a finite deviation �✓2).
This means that the dependence of h�1�2i on �(✓) is quadratic
(it does not depend on the sign of �(✓)) and the first-order re-
sponse function vanishes. Then, the leading-order contribu-
tion to ⇠3 vanishes. (For infinitesimal deviation �✓2 we have
�2 = �@�2/@⌘2 = 0; by this symmetry, in the mean �2 is an
extremum of the density contrast along the orthogonal direc-
tion to (✓1 � ✓2).)

2. ✓1 = ✓2. This is a particular case of the previous configura-
tion. Again, by symmetry from the viewpoint of �1, the two
points �(✓2+�✓2) and �(✓2��✓2) are equivalent and the mean
response associated with the kinematic e↵ect vanishes.

This also explains why Eq. (38) changes sign with (✓1 � ✓2)
and (✓ � ✓2). Let us consider for simplicity the case where the
three points are aligned and �(✓) > 0, so that the large-scale flow
points towards ✓. We also take �1 > 0, so that in the mean the
density is peaked at ✓1 and decreases outwards. Let us take ✓2
close to ✓1, on the decreasing radial slope, and on the other side
of ✓1 than ✓. Then, the large-scale flow moves matter at ✓2 to-
wards ✓1, so that the density at ✓2 at a slightly later time comes
from more outward regions (with respect to the peak at ✓1) with
a lower density. This means that �2 = �@�2/@⌘2 is positive so
that ⇠3 > 0. This agrees with Eq. (38), as (✓ � ✓2) · (✓1 � ✓2) > 0
in this geometry, and we assume the integrals over wavenum-
bers are dominated by the peaks of J1 > 0. If we flip ✓2 to the
other side of ✓1, we find on the contrary that the large-scale flow
brings higher-density regions to ✓2, so that we have the change
of signs �2 < 0 and ⇠3 < 0. The same arguments explain the
change of sign with (✓ � ✓2). In fact, it is the relative direction
between (✓ � ✓2) and (✓1 � ✓2) that matters, measured by the
scalar product (✓ � ✓2)·(✓1 � ✓2). This geometrical dependence of
the leading-order contribution to ⇠3 could provide a simple test
of the consistency relation, without even computing the explicit
expression in the right-hand side of Eq. (38).

4.2. Three-point correlation in terms of a two-point

correlation

The three-point correlation ⇠3 in Eq. (38) cannot be written as a
product of two-point correlations because there is only one in-
tegral along the line of sight that is left. However, if the linear
power spectrum PL(k, z) is already known, we may write ⇠3 in
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
 Z 1

0
dk?W̃⇥(k?r)J1(k?r|✓ � ✓2|)PL(k?, ⌘)

!

⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
d⌘ II1 IISW2

d ln D
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0

D

n+mX

i=n+1

k · ki

k2

⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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terms of some two-point correlation ⇠2. For instance, the small-
scale cross-correlation between one galaxy density contrast and
one weak lensing convergence,

⇠2(�sg1
, s2) = h�sg1

(✓1)s2(✓2)i (39)

reads as

⇠2 = (2⇡)2
Z

d⌘ Ig1 I2

Z 1

0
dk1?k1? F̃⇥1 (k1?r)

⇥ F̃⇥2 (k1?r)J0(k1?r|✓1 � ✓2|)Pg1,m(k1?), (40)

where we again used Limber’s approximation. Here we denoted
the angular smoothing windows by F̃ to distinguish ⇠2 from ⇠3.
Then, we can write

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| ⇠2, (41)

if the angular windows of the two-point correlation are chosen
such that

F̃⇥1 (k1?r)F̃⇥2 (k1?) = (2⇡)2 IgIISW2

I2
bg

d ln D
d⌘

⇥
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0
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⇥ W̃⇥1 (k1?r)W̃⇥2 (k1?r)J1(k1?r|✓1 � ✓2|)
k1?J0(k1?r|✓1 � ✓2|) · (42)

This implies that the angular windows F̃⇥1 and F̃⇥2 of the two-
point correlation ⇠2 have an explicit redshift dependence.

In practice, the expression (42) may not be very convenient.
Then, to use the consistency relation (38) it may be more prac-
tical to first measure the power spectra PL and Pg1,m indepen-
dently, at the redshifts needed for the integral along the line of
sight (38), and next compare the measure of ⇠3 with the expres-
sion (38) computed with these power spectra.

4.3. Lensing-lensing-ISW correlation

From Eq. (38) we can directly obtain the lensing-lensing-ISW
three-point correlation,

⇠3(s, s1,�
s
ISW2

) = hs(✓) s1(✓1)�s
ISW2

(✓2)i, (43)

by replacing the galaxy kernels bgIg and Ig1 by the lensing con-
vergence kernels I and I1 ,

⇠3 =
(✓ � ✓2) · (✓1 � ✓2)
|✓ � ✓2||✓1 � ✓2| (2⇡)4

Z
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⇥ PL(k?, ⌘)P(k1?, ⌘)J1(k?r|✓ � ✓2|)
⇥ J1(k1?r|✓1 � ✓2|). (44)

As compared with Eq. (38), the advantage of the cross-
correlation with the weak lensing convergence  is that Eq. (44)
involves the matter power spectrum P(k1?) instead of the more
complicated galaxy-matter cross power spectrum Pg1,m(k1?).

4.4. Vanishing contribution to the galaxy-ISW-ISW

correlation

In the previous section (Sect. 4.1), we considered the three-
point galaxy-galaxy-ISW correlation (30), to take advantage of
the momentum dependence of the ISW e↵ect (or more pre-
cisely its dependence on the time derivative of the density field),
which gives rise to consistency relations that do not vanish at
equal times. The reader may wonder whether we could also use
the galaxy-ISW-ISW correlation for the same purpose. From
Eq. (23), this three-point correlation involves h�̃(�̃1 + �̃1)(�̃2 +
�̃2)i0, instead of h�̃�̃1(�̃2 + �̃2)i0 in Eq. (33), where we use com-
pact notations. Thus, we obtain the combination

h��ISW1�ISW2i / h�̃�̃1�̃2i0+H
h
h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0

i
+H2h�̃�̃1�̃2i0.

(45)

On the other hand, at equal times the consistency relation (8)
writes as

h�̃(k)
nY

j=1

�̃(k j)
n+mY

j=n+1

�̃(k j)i0k!0 = PL(k)
D0
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⇥ h�̃(ki)
nY

j=1

�̃(k j)
n+mY

j=n+1
j,i

�̃(k j)i0, (46)

where we only keep the contributions of order 1/k and the sec-
ond line in Eq. (8) cancels out. The first contribution to the three-
point correlation (45) reads as

h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 + k · k2

k2 h�̃2�̃1i0
#

= PL(k)
D0

D
k · k1

k2

h
h�̃(k1)�̃(�k1)i0 � h�̃(�k1)�̃(k1)i0

i

= 0. (47)

Here again, we only consider the leading contribution of order
1/k and we use k2 = �k1 in the limit k ! 0. The term in
the bracket in the second line vanishes because the cross-power
spectrum h�̃(k)�̃(�k)i0 = P�,�(k) only depends on |k|, because of
statistical isotropy. The second contribution to Eq. (45) reads as

h�̃�̃1�̃2i0 + h�̃�̃1�̃2i0 = PL(k)
D0

D

"
k · k1

k2 h�̃1�̃2i0 +
k · k2

k2 h�̃2�̃1i0
#

= 0. (48)

The third contribution h�̃�̃1�̃2i0 vanishes as usual at equal times,
as it only involves the density field. Thus, we find that the
leading-order contribution to the galaxy-ISW-ISW three-point
correlation vanishes, in contrast with the galaxy-galaxy-ISW
three-point correlation studied in section 4.1. This is why we fo-
cus on the three-point correlations (30) and (43), with only one
ISW field.

This cancellation can be understood from symmetry. Let
us consider the maximal case where the points {✓, ✓1, ✓2} are
aligned. There is a nonzero consistency relation if the depen-
dence of h�1�2i0 to �(✓) contains a linear term. In the long-mode
limit, this means that h�1�2i0 changes sign with the sign of the
large-scale velocity flow. However, by symmetry h�1�2i0 does
not select a left or right direction along the line (✓1, ✓2), so that
it cannot depend on the sign of the large-scale velocity flow, nor
on the sign of �(✓). In contrast, in the case of the three-point
correlation (30), with only one ISW observable, the consistency
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z

dkdk1dk2

⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z

dkdk1dk2

⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃ 0⇥2
(k(n2)

2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1)
k(n2)

2? · p̃(n2)
e?

k(n2)
2?

(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
d⌘

⇥
Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
d⌘

(⌘2)

⇥
Z

dkkdk?dk1kdk1? W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k1?r2)

⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ k1?
k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
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⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ W̃ 0⇥2
(k(n2)

2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1)
k(n2)

2? · p̃(n2)
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(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
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Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
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⇥
Z

dkkdk?dk1kdk1? W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k1?r2)

⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)
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k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
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1? r1)

⇥ W̃ 0⇥2
(k(n2)
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k(n2)

2? · p̃(n2)
e?

k(n2)
2?

(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
d⌘ bgIgIg1 IkSZ2

d ln D
d⌘

⇥
Z 1

0
dk?dk2? k2?W̃⇥(k?r)W̃⇥1 (k2?r)W̃ 0⇥2

(k2?r)

⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
Z

dkdk1dk2 W̃⇥(k(n)
? r)W̃⇥1 (k(n1)

1? r1)W̃⇥2 (k(n2)
2? r2)

⇥ ei(k·nr+k1·n1r1+k2·n2r2)D(⌘)PL0(k)
dD
d⌘

(⌘2)

⇥ i
n2 · k

k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
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⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ k1?
k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z

d⌘d⌘1d⌘2 Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
Z
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⇥ ei(k·nr+k1·n1r1+k2·n2r2)W̃⇥(k(n)
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1? r1)

⇥ W̃⇥2 (k(n2)
2? r2)h�̃g(k, ⌘)�̃g1 (k1, ⌘1) p̃(n2)

ek )(k2, ⌘2)i, (51)

and

⇠3? = �i
Z
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Z
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⇥ W̃ 0⇥2
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k(n2)
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e?

k(n2)
2?

(k2, ⌘2)i,

(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4

Z
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d ln D
d⌘

⇥
Z 1

0
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⇥ PL(k?, ⌘)Pg1,e(k2?, ⌘)J1(k?r|✓ � ✓1|)
⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)Ig1 (⌘1)IkSZ2 (⌘2)

⇥
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⇥ i
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k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z
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kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z
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⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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relation relies on the dependence of h�1�2i0 on the large-scale
mode � (see the discussion after Eq. (38)). Then, it is clear that
the nonsymmetrical quantity h�1�2i0 defines a direction along the
axis (✓1, ✓2), and a linear dependence on �(✓) and on the sign of
the large-scale velocity is expected.

5. Consistency relation for the kSZ effect

In this section we consider cross correlations with the kSZ ef-
fect. This allows us to apply the consistency relation (5), which
involves the momentum p and remains nonzero at equal times.

5.1. Galaxy-galaxy-kSZ correlation

In a fashion similar to the galaxy-galaxy-ISW correlation studied
in Sect. 4.1, we consider the three-point correlation between two
galaxy density contrasts and one kSZ CMB anisotropy,

⇠3(�sg, �
s
g1
,�s

kSZ2
) = h�sg(✓) �sg1

(✓1)�s
kSZ2

(✓2)i, (49)

in the squeezed limit given by the conditions (31) in Fourier
space and (32) in configuration space. The expressions (15) and
(29) give

⇠3 = ⇠3k + ⇠3?, (50)

with

⇠3k=
Z
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and

⇠3? = �i
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(52)

where we split the longitudinal and transverse contributions
to Eq. (29). Here {n, n1, n2} are the radial unit vectors that
point to the centers {✓, ✓1, ✓2} of the three circular windows,
and {(k(n)

k , k
(n)
? ), (k(n1)

1k , k
(n1)
1? ), (k(n2)

2k , k
(n2)
2? )} are the longitudinal and

transverse wave numbers with respect to the associated central
lines of sight [e.g., k(n)

k = n · k].
The computation of the transverse contribution (52) is sim-

ilar to the computation of the ISW three-point correlation (34),
using again Limber’s approximation. At lowest order we obtain

⇠3? =
(✓ � ✓1) · (✓2 � ✓1)
|✓ � ✓1||✓2 � ✓1| (2⇡)4
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⇥ J1(k2?r|✓2 � ✓1|), (53)

where Pg1,e is the galaxy-free electrons cross power spectrum.

The computation of the longitudinal contribution (51) re-
quires slightly more care. Applying the consistency relation (5)
gives

⇠3k = �
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k2 h�̃g1 �̃e2i0 �D(k + k1 + k2), (54)

where we only kept the contribution that does not vanish at equal
times, as it dominates the integrals along the lines of sight, and
we used PL(k, ⌘) = D(⌘)2PL0(k). If we approximate the three
lines of sight as parallel, we can write n2 · k = kk, where the lon-
gitudinal and transverse directions coincide for the three lines of
sight. Then, Limber’s approximation, which corresponds to the
limit where the radial integrations have a constant weight on the
infinite real axis, gives a Dirac term �D(kk) and ⇠3k = 0 (more
precisely, as we recalled above Eq. (36), the radial integration
gives kk . H/c while the angular window gives k? . H/(c⇥) so
that kk ⌧ k?). Taking into account the small angles between the
di↵erent lines of sight, as for the derivation of Eq. (29), the inte-
gration over k2 through the Dirac factor gives at leading order in
the angles

⇠3k = �
Z

d⌘d⌘1d⌘2 bg(⌘)Ig(⌘)D(⌘)Ig1 (⌘1)IkSZ2 (⌘2)
dD
d⌘

(⌘2)

⇥
Z

dkkdk?dk1kdk1? W̃⇥(k?r)W̃⇥1 (k1?r1)W̃⇥2 (k1?r2)

⇥ ei[kk(r�r2)+k?·(✓�✓2)r2+k1k(r1�r2)+k1?·(✓1�✓2)r2]

⇥ PL0(k?)Pg1,e(k1?; ⌘1, ⌘2)i
kk + k? · (✓2 � ✓)

k2?
· (55)

We used Limber’s approximation to write for instance PL0(k) '
PL0(k?), but we kept the factor kk in the last term, as the trans-
verse factor k? · (✓2�✓), due to the small angle between the lines
of sight n and n2, is suppressed by the small angle |✓2 � ✓|. We
again split ⇠3k over two contributions, ⇠3k = ⇠k3k + ⇠

?
3k, associated

with the factors kk and k? · (✓2 � ✓) of the last term. Let us first
consider the contribution ⇠k3k. Writing ikkeikk(r�r2) = @

@r eikk(r�r2),
we integrate by parts over ⌘. For simplicity we assume that the
galaxy selection function Ig vanishes at z = 0,

Ig(⌘0) = 0, (56)

so that the boundary term at z = 0 vanishes. Then, the integra-
tions over kk and k1k give a factor (2⇡)2�D(r � r2)�D(r1 � r2), and
we can integrate over ⌘ and ⌘1. Finally, the integration over the
angles of the transverse wavenumbers yields

⇠k3k = �(2⇡)4
Z

d⌘
d
d⌘

h
bgIgD

i
Ig1 IkSZ2

dD
d⌘

⇥
Z 1

0
dk?dk1? W̃⇥(k?r)W̃⇥1 (k1?r)W̃⇥2 (k1?r)

⇥ k1?
k?

PL0(k?)Pg1,e(k1?, ⌘)J0(k?r|✓ � ✓2|)
⇥ J0(k1?r|✓1 � ✓2|), (57)

where J0 is the zeroth-order Bessel function of the first kind.
For the transverse contribution ⇠?3k we can proceed in the same
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This is an explicit expression of the form: h�g�g�kSZi = h�g�iL h�g�ei

which corresponds to:

h�g(~k0)�g1(~k1)[(1 + �e)~ve](~k2)i0k0!0 = h�Lg(~k)~vLe(�~k)i0h�g1(~k1)�e(�~k1)i0



Conclusions

- Consistency relations can provide exact results in regimes that are 
difficult to model (bias, non-linear,...).

- Simplest cases vanish at equal times and provide null test of GR or 
primordial Gaussianity.

- Introducing the velocity or the time derivative of the density, one obtains 
relations that do not vanish at equal times. They can be related to ISW or 
kSZ statistics.

- It remains to be seen whether this can be competitive for practical 
applications.


