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2010), which consists of 472 type Ia supernovae in the red-
shift range z = 0.01 � 1.39. We include two nuisance pa-
rameters describing stretch-luminosity and color-luminosity
relationships, as in Guy et al. (2010).
CMB: We fit the CMB according to the method presented
in Moss et al. (2011); Biswas et al. (2010), in which an e↵ec-
tive FLRW metric is used to account for the di↵erent area
distance to the surface of last scattering as compared to
the homogeneous background model. This method ignores
isocurvature modes (consistent with the choice of a homoge-
neous big bang), assumes a standard number of relativistic
degrees of freedom and a standard power spectrum, all of
which would change the constraints (Clarkson 2012). More-
over, we assume that the late-time integrated Sachs-Wolfe
e↵ect is not a↵ected by the presence of the inhomogeneity.
We fit our model to the WMAP 7-year data release (Ko-
matsu et al. 2011).
BAO: The sound horizon during the drag epoch is im-
printed in the galaxy correlation function. In a spherically
symmetric inhomogeneous model this is an ellipsoid with
proper scales, when viewed from the centre

L?(z) = ds
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where td is the time of the drag epoch, ✓s is the angle that
the acoustic scale subtends on the sky, and zs is the red-
shift interval corresponding to the acoustic scale in the ra-
dial direction. The sound horizon ds is calculated assuming
a homogeneous early universe. We use observations from
SDSS, 6DFGS and WiggleZ (Percival et al. 2010; Beutler
et al. 2011; Blake et al. 2011), as compiled in Zumalacar-
regui et al. (2012).
Compton y-distortion: O↵-centre observers see a large
dipole in the CMB in an inhomogeneous universe. CMB
photons are scattered from inside our past light-cone into
our line-of-sight by o↵-centre reionized structures which act
as mirrors. The spectrum observed by the central observer
is, therefore, a mixture of black-body spectra with di↵erent
temperatures, producing a distorted black-body spectrum.
In the single-scattering and linear approximations, and when
the temperature anisotropy is dominated by the induced
dipole �, the y-distortion can be written as (Moss et al.
2011):
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where r is the comoving distance down the light cone
and rre marks the reionization epoch. The time depen-
dence of the optical depth is given by d⌧/dt = �T ne(t) =
�T fb (1�YHe/2) ⇢m(t)/mp , where �T is the Thomson cross
section, fb ⌘ ⇢b/⇢m is the baryon fraction, YHe is the helium
mass fraction and mp is the proton mass. The dipole � is
found by integrating the geodesic equations (8) in the neg-
ative and positive r-directions starting from an observer at
{t(z), r(z)} back to the surface of last scattering. The di↵er-
ence in redshift between the two directions is then approx-
imately translated into the dipole observed by the scatter:
� = (z+ � z�)/(2 + z+ + z�) . The 2� upper limit from the
COBE satellite (Fixsen et al. 1996) is y < 1.5⇥ 10�5.
kSZ: The dipole � a↵ects the observed CMB also through

the kSZ e↵ect (Garcia-Bellido & Haugboelle 2008): hot
electrons inside an overdensity distort the CMB spectrum
through inverse Compton scattering, in which low energy
CMB photons receive energy boosts during collisions with
the high-energy electrons. Here we focus on the ‘linear kSZ
e↵ect’ (Zhang & Stebbins 2011), in which the e↵ect due to
all free electrons in the reionized universe is taken into ac-
count. Using the Limber approximation, the kSZ power at
multipole ` is given by Zibin & Moss (2011)
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where �2
m(k, z) = k3

2⇡2

Pm(k, z) is the dimensionless power
spectrum of the background model and the function
k̂(r) ⌘ k̂(k(r), z(r)) is necessary to “isotropize” the an-
gular and radial wave numbers which in an inhomo-
geneous universe evolve di↵erently: k̂(k̄, z) = k̄[(1 +
z̄)a?(t̄, r(z))

2/3ak(t̄, r(z))
1/3]/[(1 + z)a?(z)

2/3ak(z)
1/3]. We

constrain inhomogeneous models using a top hat prior 0 <
l(l + 1)

⇥
CTT

`=3000 + CkSZ
`=3000

⇤
< 59µK2, based on the results

from SPT (Shiroko↵ et al. 2011).
As we will see in the results, the use of a matter power

spectrum that is computed in the FLRW metric, �2
m(k, z),

even though the correct metric is the LTB metric, is justified.
Density contrasts that we encounter in the LTB metric are
of magnitudes such that they could be described as a linear
perturbation on the FLRW metric. Therefore, any deviation
of �2

m(k, z) from its FLRW evolution as a consequence of
the spherical perturbation, is of second order in perturbation
theory and hence suppressed since both �2

m(k, z) and the
spherical perturbation are at the linear level.
Age data: Finally, we constrain radial inhomogeneity also
by means of galaxy ages (Bolejko et al. 2011; McCarthy
et al. 2004; Simon et al. 2005; Stern et al. 2010; Moresco
et al. 2012; Wang & Zhang 2012; de Putter et al. 2012). In
particular, we use the cosmology independent age vs. red-
shift data as compiled in de Putter et al. (2012), which in
the most conservative approach only provides a lower bound
on cosmic ages. For completeness we present results using
these ages as lower bounds as well as using them as absolute
age measurements (see de Putter et al. (2012) for details).

3 COPERNICAN PRIOR

Given a gaussian density field, the mean square of den-
sity perturbations inside a sphere of radius L around any
point (hence also around the observer) today is given by
�2
L =

R1
0

dk
k �2

m0(k) [3j1(Lk)/Lk]
2, where �m0 is the power

spectrum today inferred from the CMB temperature spec-
trum, assuming a Copernican universe, and jl is the spher-
ical Bessel function of the first kind (Kolb & Turner 1990).
We calculate �L for the radius L < rb at which the central
over/under-density makes the transition to the surrounding
mass-compensating under/over-dense shell. Then we com-
pute the actual density perturbation �0 ⌘ M(L)/M̄(L)� 1
of a given inhomogeneity and define the Copernican prior as
the probability

P (�0, L) = (�L

p
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where M(r) ⌘ 4⇡
R r

0
dr

p
�g⇢m(r) is the mass of the inho-

mogeneity, M̄(r) = M(r)|k(r)=k
b

is the mass relative to the
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tive FLRW metric is used to account for the di↵erent area
distance to the surface of last scattering as compared to
the homogeneous background model. This method ignores
isocurvature modes (consistent with the choice of a homoge-
neous big bang), assumes a standard number of relativistic
degrees of freedom and a standard power spectrum, all of
which would change the constraints (Clarkson 2012). More-
over, we assume that the late-time integrated Sachs-Wolfe
e↵ect is not a↵ected by the presence of the inhomogeneity.
We fit our model to the WMAP 7-year data release (Ko-
matsu et al. 2011).
BAO: The sound horizon during the drag epoch is im-
printed in the galaxy correlation function. In a spherically
symmetric inhomogeneous model this is an ellipsoid with
proper scales, when viewed from the centre
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shift interval corresponding to the acoustic scale in the ra-
dial direction. The sound horizon ds is calculated assuming
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photons are scattered from inside our past light-cone into
our line-of-sight by o↵-centre reionized structures which act
as mirrors. The spectrum observed by the central observer
is, therefore, a mixture of black-body spectra with di↵erent
temperatures, producing a distorted black-body spectrum.
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the temperature anisotropy is dominated by the induced
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2011):
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�T fb (1�YHe/2) ⇢m(t)/mp , where �T is the Thomson cross
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ence in redshift between the two directions is then approx-
imately translated into the dipole observed by the scatter:
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COBE satellite (Fixsen et al. 1996) is y < 1.5⇥ 10�5.
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CMB photons receive energy boosts during collisions with
the high-energy electrons. Here we focus on the ‘linear kSZ
e↵ect’ (Zhang & Stebbins 2011), in which the e↵ect due to
all free electrons in the reionized universe is taken into ac-
count. Using the Limber approximation, the kSZ power at
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particular, we use the cosmology independent age vs. red-
shift data as compiled in de Putter et al. (2012), which in
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these ages as lower bounds as well as using them as absolute
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photons are scattered from inside our past light-cone into
our line-of-sight by o↵-centre reionized structures which act
as mirrors. The spectrum observed by the central observer
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2011):
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through inverse Compton scattering, in which low energy
CMB photons receive energy boosts during collisions with
the high-energy electrons. Here we focus on the ‘linear kSZ
e↵ect’ (Zhang & Stebbins 2011), in which the e↵ect due to
all free electrons in the reionized universe is taken into ac-
count. Using the Limber approximation, the kSZ power at
multipole ` is given by Zibin & Moss (2011)
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particular, we use the cosmology independent age vs. red-
shift data as compiled in de Putter et al. (2012), which in
the most conservative approach only provides a lower bound
on cosmic ages. For completeness we present results using
these ages as lower bounds as well as using them as absolute
age measurements (see de Putter et al. (2012) for details).
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Figure 1. Marginalized constraints on rb and �0 from di↵er-

ent combinations of data: “C” refers to CMB, “R” to H0, “B”
to BAO, “S” to SN, “A” to absolute age data, “a” to age data

used as lower bound only, “K” to kSZ, “Y” to Compton-y dis-

tortion. The strongest constraints at low redshifts come from SN,
while the strongest constraint on �0 on large scales seems to come

from kSZ. Naturally all datasets combined give the strongest con-

straints. See Fig. 2 for a comparison of the CRBSaKY plot to the
Copernican prior.

background, and g the determinant of the metric (1). A sim-
ilar function has been used by Hunt & Sarkar (2010) to com-
pute the probability of having a large void in an Einstein-de
Sitter universe, so large that the need for a cosmological
constant vanishes (which is not the case considered here).

4 ANALYSIS

We explore a 14-dimensional parameter space using Cos-

moMC (Lewis & Bridle 2002): four parameters describing
the inhomogeneity including an overall curvature term (kb),
the ratio of baryons to dark matter, the cosmological con-
stant, the optical depth to the surface of last scattering, the
age of the universe, three spectral parameters for the CMB
(scalar amplitude, tilt and running of the tilt), the amplitude
of a thermal SZ template that is used for the CMB spectrum
and the two SN nuisance parameters. We calculate cosmic
distances using VoidDistancesII (Marra et al. 2012), and
compute the corrected CMB spectrum using CAMB (Lewis
et al. 2000).

5 RESULTS

We present our results in terms of the non-Copernican pa-
rameters �0 and rb, marginalizing over all other aforemen-
tioned parameters. In Fig. 1 we show the constraints on the
non-Copernican parameters from a number of possible com-
binations of datasets, ordered by constraining power. In all
cases we use the CMB constraints in combination with at
least one other dataset. Not surprisingly, all datasets com-
bined provide the strongest constraints, only allowing for a
narrow range of contrasts, however for many radii.
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Figure 2. Marginalized posterior probability of L and �0 from all

data sets combined (blue contours, closely related to CRBSaKY
in Fig. 1, albeit with a slightly di↵erent quantity on the vertical

axis, L in stead of rb) at 68%, 95% and 99% confidence level (c.l.),

compared to the Copernican posterior obtained by fitting CMB
only while imposing the Copernican prior, (red to gray coloring)

at 68%, 95% and 99% c.l. The ratio of the areas of the 99%-c.l.

surfaces is roughly a factor of three. The allowed area needs to
be reduced by a factor of three so as to confirm the Copernican

principle. The marginalized 95% c.l. limits on the contrast are

�0.29 < �0 < 0.14 for CRBSaKY and �0.12 < �0 < 0.12 for the
Copernican prior.

The key result of this paper is shown in Fig. 2, where
we compare the posterior probability from all datasets to
a posterior which is the Copernican prior convolved with
the CMB likelihood. We find that the area of constraints
on L and �0 needs to decrease by a factor of three to con-
firm the Copernican principle, because then observations on
the lightcone constrain inhomogeneity to within the range
allowed for by the CMB power spectrum.

Finally, in Fig. 3 we show for the first time constraints
on the cosmological constant, ⇤, marginalized over the ef-
fect of inhomogeneities around us, compared to the same
constraints without taking into account inhomogeneity. We
find that error bars increase by 15% if one marginalizes over
inhomogeneity.

The analysis regarding the constraints from H0, SNe,
BAO and kSZ uses data and results that have been obtained
assuming, at some point, an FLRW framework. While we
correctly used the processed data so as to compare it with
the inhomogeneous universe, in principle one should con-
front to data that is as close to raw as possible. While this
caveat should be kept in mind when interpreting our results,
we do not expect the analysis to be sizably biased because
the inhomogeneous universe we are considering does not de-
part strongly from its FLRW background, as shown by the
results of Fig. 2.

Our constraints depend on a variety of assumptions, in
particular that dark energy is described by a cosmological
constant (Marra et al. 2012; Ben-Dayan et al. 2013) and that
general relativity is the correct theory of gravity. Our con-
straints apply to inhomogeneity which arise at late times,
and do not apply to possible non-Copernican properties at
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inhomogeneity to the theoretical constraints on the existence
of the same inhomogeneity in a Copernican universe. We re-
fer to the latter constraint as the Copernican prior. If our
position in the universe is Copernican, the temperature fluc-
tuations observed in the CMB come from the same distri-
bution as do matter perturbations around us. Observing the
CMB, one can calculate the probability of having a spherical
inhomogeneity of certain dimensions around us. Hence, we
have two ways of constraining the inhomogeneity: by observ-
ing the expansion history on one hand, and by computing
the probability of its existence given the CMB perturbations
on the other hand. The ratio of allowed volumes in param-
eter space describing the inhomogeneity gives a measure of
how far we are from establishing the Copernican principle
observationally. With ultimate knowledge of the expansion
history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.

Finally, by marginalizing over the inhomogeneity pa-
rameters, we provide constraints on ⇤ which are independent
of the Copernican principle, thus being the most robust to
date.

2 THE MODEL

We model radial inhomogeneity assuming a spherically sym-
metric Lemâıtre-Tolman-Bondi solution including a cosmo-
logical constant ⇤ (⇤LTB, see e.g. Lemaitre (1997); Tol-
man (1934); Bondi (1947); Omer (1965); Bolejko & Wyithe
(2009); Sinclair et al. (2010); Marra & Paakkonen (2010);
Romano et al. (2010); Valkenburg (2012a)). The metric is
given by (c = 1)

ds2 = �dt2 +
a2
k(t, r)

1� k(r)r2
dr2 + a2

?(t, r)r
2d⌦2 , (1)

where the radial (ak) and angular (a?) scale factors are
related by ak = (a?r)

0. A prime denotes partial deriva-
tion with respect to the coordinate radius r. The curvature
k = k(r) is a free function. The FLRW limit is k ! const.,
and a? = ak. The two scale factors define two Hubble rates:

H? = H?(t, r) ⌘
ȧ?

a?
, Hk = Hk(t, r) ⌘

ȧk

ak
. (2)

The analogue of the Friedmann equation in this space-time
is then given by H2

? = m(r)/a3
? � k/a2

? +⇤/3 , where m(r)
is another free function of r related to the locally measured
matter density 8⇡G ⇢m(t, r) = (m(r)r3)0/aka

2
?r

2 , which
obeys the conservation equation ˙⇢m + (2H? +Hk)⇢m = 0 .
Dimensionless density parameters for the CDM and curva-
ture are in analogy with the FLRW models:

⌦m(r) =
m

H2
?

0

, ⌦k(r) = � k

H2
?

0

, ⌦⇤(r) =
⇤

3H2
?

0

, (3)

so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
sion rate H?

0

is inhomogeneous. Using (3) the Friedmann
equation takes on its familiar form:

H2
?

H2
?

0

= ⌦m a�3
? + ⌦k a

�2
? + ⌦⇤ . (4)

Integrating the Friedmann equation from the time of the
big bang tbb(r) to some later time t yields the age of the
universe at a given (t, r):

t� tbb =
1

H?
0

(r)

Z a?(t,r)

0

dxp
⌦m(r)x�1 + ⌦k(r) + ⌦⇤(r)x2

.

(5)
Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
of decaying modes in the matter density (Silk 1977; Zibin
2008), in agreement with the standard inflationary scenario.

We parametrize the only left freedom with the curvature
function with the monotonic profile

k↵(r) = kb + (kc � kb) P3

✓
r

rb
,↵

◆
, (6)

where rb is the comoving radius of the spherical inhomo-
geneity and

Pn(x,↵) =

8
<

:

1 for 0  x < ↵

1� e�
1�↵

x�↵

(1� x�↵

1�↵

)n for ↵  x < 1
0 for x � 1

. (7)

With Pn, k↵(r) is Cn everywhere. We choose n = 3, such
that the metric is C2 and the Riemann curvature is C0.
Moreover, for r � rb the curvature profile equals kb such
that there the metric describes exactly the ⇤CDM model.
The central over- or under-density, determined by curvature
kc, is automatically compensated by a surrounding under-
or over-dense shell. The smoothness of the transition from
kc to kb is parameterized by ↵. Hence rb, kc, kb and ↵ are
free parameters.

Finally, on the past light cone of a central observer, t(z)
and r(z) are determined as a function of redshift z by the
di↵erential equations for radial null geodesics,

dt
dz

= � 1
(1 + z)Hk

,
dr
dz

=

p
1� kr2

(1 + z)akHk
, (8)

where Hk and ak are evaluated on the light cone. The area
(dA) and luminosity (dL) distances are given by

dA(z) = a?
�
t(z), r(z)

�
r(z), dL = (1 + z)2dA. (9)

Data & Observables
H0: The local Hubble rate is obtained by measuring cos-
mological standard candles mostly within a redshift range
zmin  z  zmax which depends on the redshift volume that
is probed by a given experiment. We compare the observed
value to the theoretical quantity,

H0 =
c (zmax � zmin)R z

max

z
min

dL(z)/[z + 1
2
(1� q0)z2]dz

, (10)

where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
Supernovae Ia: We use the SNLS3 catalogue (Guy et al.
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ȧ?

a?
, Hk = Hk(t, r) ⌘

ȧk
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a fair comparison. We use the value measured by Riess et al.
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and zmax = 0.1.
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ing the expansion history on one hand, and by computing
the probability of its existence given the CMB perturbations
on the other hand. The ratio of allowed volumes in param-
eter space describing the inhomogeneity gives a measure of
how far we are from establishing the Copernican principle
observationally. With ultimate knowledge of the expansion
history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.

Finally, by marginalizing over the inhomogeneity pa-
rameters, we provide constraints on ⇤ which are independent
of the Copernican principle, thus being the most robust to
date.

2 THE MODEL

We model radial inhomogeneity assuming a spherically sym-
metric Lemâıtre-Tolman-Bondi solution including a cosmo-
logical constant ⇤ (⇤LTB, see e.g. Lemaitre (1997); Tol-
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0. A prime denotes partial deriva-
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so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
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Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
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We parametrize the only left freedom with the curvature
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where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
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how far we are from establishing the Copernican principle
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history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.
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is another free function of r related to the locally measured
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so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
sion rate H?
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Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
of decaying modes in the matter density (Silk 1977; Zibin
2008), in agreement with the standard inflationary scenario.

We parametrize the only left freedom with the curvature
function with the monotonic profile
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With Pn, k↵(r) is Cn everywhere. We choose n = 3, such
that the metric is C2 and the Riemann curvature is C0.
Moreover, for r � rb the curvature profile equals kb such
that there the metric describes exactly the ⇤CDM model.
The central over- or under-density, determined by curvature
kc, is automatically compensated by a surrounding under-
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kc to kb is parameterized by ↵. Hence rb, kc, kb and ↵ are
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to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
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where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
Supernovae Ia: We use the SNLS3 catalogue (Guy et al.
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inhomogeneity to the theoretical constraints on the existence
of the same inhomogeneity in a Copernican universe. We re-
fer to the latter constraint as the Copernican prior. If our
position in the universe is Copernican, the temperature fluc-
tuations observed in the CMB come from the same distri-
bution as do matter perturbations around us. Observing the
CMB, one can calculate the probability of having a spherical
inhomogeneity of certain dimensions around us. Hence, we
have two ways of constraining the inhomogeneity: by observ-
ing the expansion history on one hand, and by computing
the probability of its existence given the CMB perturbations
on the other hand. The ratio of allowed volumes in param-
eter space describing the inhomogeneity gives a measure of
how far we are from establishing the Copernican principle
observationally. With ultimate knowledge of the expansion
history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.

Finally, by marginalizing over the inhomogeneity pa-
rameters, we provide constraints on ⇤ which are independent
of the Copernican principle, thus being the most robust to
date.

2 THE MODEL

We model radial inhomogeneity assuming a spherically sym-
metric Lemâıtre-Tolman-Bondi solution including a cosmo-
logical constant ⇤ (⇤LTB, see e.g. Lemaitre (1997); Tol-
man (1934); Bondi (1947); Omer (1965); Bolejko & Wyithe
(2009); Sinclair et al. (2010); Marra & Paakkonen (2010);
Romano et al. (2010); Valkenburg (2012a)). The metric is
given by (c = 1)

ds2 = �dt2 +
a2
k(t, r)

1� k(r)r2
dr2 + a2

?(t, r)r
2d⌦2 , (1)

where the radial (ak) and angular (a?) scale factors are
related by ak = (a?r)

0. A prime denotes partial deriva-
tion with respect to the coordinate radius r. The curvature
k = k(r) is a free function. The FLRW limit is k ! const.,
and a? = ak. The two scale factors define two Hubble rates:
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so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
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is inhomogeneous. Using (3) the Friedmann
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Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
of decaying modes in the matter density (Silk 1977; Zibin
2008), in agreement with the standard inflationary scenario.

We parametrize the only left freedom with the curvature
function with the monotonic profile
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With Pn, k↵(r) is Cn everywhere. We choose n = 3, such
that the metric is C2 and the Riemann curvature is C0.
Moreover, for r � rb the curvature profile equals kb such
that there the metric describes exactly the ⇤CDM model.
The central over- or under-density, determined by curvature
kc, is automatically compensated by a surrounding under-
or over-dense shell. The smoothness of the transition from
kc to kb is parameterized by ↵. Hence rb, kc, kb and ↵ are
free parameters.

Finally, on the past light cone of a central observer, t(z)
and r(z) are determined as a function of redshift z by the
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where Hk and ak are evaluated on the light cone. The area
(dA) and luminosity (dL) distances are given by
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�
r(z), dL = (1 + z)2dA. (9)

Data & Observables
H0: The local Hubble rate is obtained by measuring cos-
mological standard candles mostly within a redshift range
zmin  z  zmax which depends on the redshift volume that
is probed by a given experiment. We compare the observed
value to the theoretical quantity,

H0 =
c (zmax � zmin)R z

max

z
min

dL(z)/[z + 1
2
(1� q0)z2]dz

, (10)

where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
Supernovae Ia: We use the SNLS3 catalogue (Guy et al.

c� 0000 RAS, MNRAS 000, 000–000

2 W. Valkenburg et al.

inhomogeneity to the theoretical constraints on the existence
of the same inhomogeneity in a Copernican universe. We re-
fer to the latter constraint as the Copernican prior. If our
position in the universe is Copernican, the temperature fluc-
tuations observed in the CMB come from the same distri-
bution as do matter perturbations around us. Observing the
CMB, one can calculate the probability of having a spherical
inhomogeneity of certain dimensions around us. Hence, we
have two ways of constraining the inhomogeneity: by observ-
ing the expansion history on one hand, and by computing
the probability of its existence given the CMB perturbations
on the other hand. The ratio of allowed volumes in param-
eter space describing the inhomogeneity gives a measure of
how far we are from establishing the Copernican principle
observationally. With ultimate knowledge of the expansion
history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.

Finally, by marginalizing over the inhomogeneity pa-
rameters, we provide constraints on ⇤ which are independent
of the Copernican principle, thus being the most robust to
date.

2 THE MODEL

We model radial inhomogeneity assuming a spherically sym-
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Figure 2: The best-fit curvature profiles (top), density profiles (second from top) and redshift
histories (third from top) as a function of coordinate radius r/L, and the density as a function of
redshift (bottom). The horizontal black lines in the third panel indicate the redshift radius zB of
the void. In the second panel it seems that for profile E the asymptotic curvature is not reached
before the surface of last scattering, when we look along coordinate radius r. In the bottom panel,
however, as a function of the physically relevant redshift, it is clear that also for this profile the
asymptote is as good as reached at the surface of last scattering.

We also analyze a class of profiles k(r) that does not match exactly to FLRW, but

which goes only asymptotically to FLRW at very large r, i.e. k(r) ! kb at r ! 1. It has

been shown [16] that within this class of profiles we can have a large e↵ect on the monopole

temperature, due to the fact that such profiles do not have a perfectly compensating shell,

which in the usual case almost exactly cancels the e↵ect of the Void. Instead, such models

have an overcompensating shell, such that the total mass contained in the LTB patch is

actually larger than what would be contained in an equally large background FLRW patch.

However, if the profile goes to a constant very quickly after some distance L, we get

an e↵ect very similar to the previously analyzed case. Therefore, to get something non-

trivial we need a profile which goes slowly to a constant, as exemplified by profile E. It is

possible to show, already from the analytical approximations given in Appendix A, that
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inhomogeneity to the theoretical constraints on the existence
of the same inhomogeneity in a Copernican universe. We re-
fer to the latter constraint as the Copernican prior. If our
position in the universe is Copernican, the temperature fluc-
tuations observed in the CMB come from the same distri-
bution as do matter perturbations around us. Observing the
CMB, one can calculate the probability of having a spherical
inhomogeneity of certain dimensions around us. Hence, we
have two ways of constraining the inhomogeneity: by observ-
ing the expansion history on one hand, and by computing
the probability of its existence given the CMB perturbations
on the other hand. The ratio of allowed volumes in param-
eter space describing the inhomogeneity gives a measure of
how far we are from establishing the Copernican principle
observationally. With ultimate knowledge of the expansion
history on the light cone, the parameter volume allowed by
observations should fall within the volume allowed by the
Copernican prior.

Finally, by marginalizing over the inhomogeneity pa-
rameters, we provide constraints on ⇤ which are independent
of the Copernican principle, thus being the most robust to
date.

2 THE MODEL

We model radial inhomogeneity assuming a spherically sym-
metric Lemâıtre-Tolman-Bondi solution including a cosmo-
logical constant ⇤ (⇤LTB, see e.g. Lemaitre (1997); Tol-
man (1934); Bondi (1947); Omer (1965); Bolejko & Wyithe
(2009); Sinclair et al. (2010); Marra & Paakkonen (2010);
Romano et al. (2010); Valkenburg (2012a)). The metric is
given by (c = 1)

ds2 = �dt2 +
a2
k(t, r)

1� k(r)r2
dr2 + a2

?(t, r)r
2d⌦2 , (1)

where the radial (ak) and angular (a?) scale factors are
related by ak = (a?r)

0. A prime denotes partial deriva-
tion with respect to the coordinate radius r. The curvature
k = k(r) is a free function. The FLRW limit is k ! const.,
and a? = ak. The two scale factors define two Hubble rates:

H? = H?(t, r) ⌘
ȧ?

a?
, Hk = Hk(t, r) ⌘

ȧk

ak
. (2)

The analogue of the Friedmann equation in this space-time
is then given by H2

? = m(r)/a3
? � k/a2

? +⇤/3 , where m(r)
is another free function of r related to the locally measured
matter density 8⇡G ⇢m(t, r) = (m(r)r3)0/aka

2
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2 , which
obeys the conservation equation ˙⇢m + (2H? +Hk)⇢m = 0 .
Dimensionless density parameters for the CDM and curva-
ture are in analogy with the FLRW models:
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so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
sion rate H?

0

is inhomogeneous. Using (3) the Friedmann
equation takes on its familiar form:
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Integrating the Friedmann equation from the time of the
big bang tbb(r) to some later time t yields the age of the
universe at a given (t, r):
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dxp
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(5)
Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
of decaying modes in the matter density (Silk 1977; Zibin
2008), in agreement with the standard inflationary scenario.

We parametrize the only left freedom with the curvature
function with the monotonic profile

k↵(r) = kb + (kc � kb) P3
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where rb is the comoving radius of the spherical inhomo-
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With Pn, k↵(r) is Cn everywhere. We choose n = 3, such
that the metric is C2 and the Riemann curvature is C0.
Moreover, for r � rb the curvature profile equals kb such
that there the metric describes exactly the ⇤CDM model.
The central over- or under-density, determined by curvature
kc, is automatically compensated by a surrounding under-
or over-dense shell. The smoothness of the transition from
kc to kb is parameterized by ↵. Hence rb, kc, kb and ↵ are
free parameters.

Finally, on the past light cone of a central observer, t(z)
and r(z) are determined as a function of redshift z by the
di↵erential equations for radial null geodesics,
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where Hk and ak are evaluated on the light cone. The area
(dA) and luminosity (dL) distances are given by

dA(z) = a?
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t(z), r(z)

�
r(z), dL = (1 + z)2dA. (9)

Data & Observables
H0: The local Hubble rate is obtained by measuring cos-
mological standard candles mostly within a redshift range
zmin  z  zmax which depends on the redshift volume that
is probed by a given experiment. We compare the observed
value to the theoretical quantity,

H0 =
c (zmax � zmin)R z

max

z
min

dL(z)/[z + 1
2
(1� q0)z2]dz

, (10)

where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
Supernovae Ia: We use the SNLS3 catalogue (Guy et al.
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related by ak = (a?r)

0. A prime denotes partial deriva-
tion with respect to the coordinate radius r. The curvature
k = k(r) is a free function. The FLRW limit is k ! const.,
and a? = ak. The two scale factors define two Hubble rates:

H? = H?(t, r) ⌘
ȧ?

a?
, Hk = Hk(t, r) ⌘

ȧk

ak
. (2)

The analogue of the Friedmann equation in this space-time
is then given by H2

? = m(r)/a3
? � k/a2

? +⇤/3 , where m(r)
is another free function of r related to the locally measured
matter density 8⇡G ⇢m(t, r) = (m(r)r3)0/aka

2
?r

2 , which
obeys the conservation equation ˙⇢m + (2H? +Hk)⇢m = 0 .
Dimensionless density parameters for the CDM and curva-
ture are in analogy with the FLRW models:

⌦m(r) =
m

H2
?

0

, ⌦k(r) = � k

H2
?

0

, ⌦⇤(r) =
⇤

3H2
?

0

, (3)

so that ⌦m(r) +⌦k(r) +⌦⇤(r) = 1. Note that in the previ-
ous equation the gauge fixing a?(t0, r) = 1 has been used.
Moreover, ⌦⇤ depends on r because the present-day expan-
sion rate H?

0

is inhomogeneous. Using (3) the Friedmann
equation takes on its familiar form:

H2
?

H2
?

0

= ⌦m a�3
? + ⌦k a

�2
? + ⌦⇤ . (4)

Integrating the Friedmann equation from the time of the
big bang tbb(r) to some later time t yields the age of the
universe at a given (t, r):

t� tbb =
1

H?
0

(r)

Z a?(t,r)

0

dxp
⌦m(r)x�1 + ⌦k(r) + ⌦⇤(r)x2

.

(5)
Hence there is a relation between the functions tbb, ⌦k and
⌦m. Therefore the ⇤LTB model is specified by two free func-
tional degrees of freedom, and we use ⌦k(r) and tbb(r). By
demanding a homogeneous age of the universe we fix the
bang function to zero, tbb(r) = 0. This ensures the absence
of decaying modes in the matter density (Silk 1977; Zibin
2008), in agreement with the standard inflationary scenario.

We parametrize the only left freedom with the curvature
function with the monotonic profile

k↵(r) = kb + (kc � kb) P3

✓
r

rb
,↵

◆
, (6)

where rb is the comoving radius of the spherical inhomo-
geneity and

Pn(x,↵) =

8
<

:

1 for 0  x < ↵

1� e�
1�↵

x�↵

(1� x�↵

1�↵

)n for ↵  x < 1
0 for x � 1

. (7)

With Pn, k↵(r) is Cn everywhere. We choose n = 3, such
that the metric is C2 and the Riemann curvature is C0.
Moreover, for r � rb the curvature profile equals kb such
that there the metric describes exactly the ⇤CDM model.
The central over- or under-density, determined by curvature
kc, is automatically compensated by a surrounding under-
or over-dense shell. The smoothness of the transition from
kc to kb is parameterized by ↵. Hence rb, kc, kb and ↵ are
free parameters.

Finally, on the past light cone of a central observer, t(z)
and r(z) are determined as a function of redshift z by the
di↵erential equations for radial null geodesics,

dt
dz

= � 1
(1 + z)Hk

,
dr
dz

=

p
1� kr2

(1 + z)akHk
, (8)

where Hk and ak are evaluated on the light cone. The area
(dA) and luminosity (dL) distances are given by

dA(z) = a?
�
t(z), r(z)

�
r(z), dL = (1 + z)2dA. (9)

Data & Observables
H0: The local Hubble rate is obtained by measuring cos-
mological standard candles mostly within a redshift range
zmin  z  zmax which depends on the redshift volume that
is probed by a given experiment. We compare the observed
value to the theoretical quantity,

H0 =
c (zmax � zmin)R z

max

z
min

dL(z)/[z + 1
2
(1� q0)z2]dz

, (10)

where the deceleration parameter at the center q0 =
⌦m(0)/2�⌦⇤(0) is used to expand the luminosity distance
to the second order in redshift. The reason we compare an
averaged expansion rate to the data is because the observed
H0 in fact comes from averaging distances, so this should be
a fair comparison. We use the value measured by Riess et al.
(2011) ofHRiess = 73.8±2.4 km s�1 Mpc�1, with zmin = 0.01
and zmax = 0.1.
Supernovae Ia: We use the SNLS3 catalogue (Guy et al.
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CONSTRAINTS

• H0, SNe, BAO, CMB: dL(z) constraints

• Compton-y distortion: dipole in CMB for off-centre 
observers, reflect non-black-body spectrum into our light cone

• kinematic Sunyaev-Zel’dovich: dipole in CMB for off-centre 
observers up scatters CMB photons, increase CMB anisotropy
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FIG. 2: The kSZ power calculated in the Limber approxima-
tion using the Halofit nonlinear matter power (dashed, red
curve) and linear power (dotted, blue curve), compared with
the temperature anisotropy power in the standard !FLRW
model (solid, black curve). Results are presented for the fidu-
cial LTB model.

power spectrum in the LTB model is assumed to match
that of the standard !FLRW model, and is calculated as
described in section II B.
A comparison of the kSZ power spectrum calculated for

the fiducial LTB model with the temperature anisotropy
power in the standard !FLRW model is presented in
figure 2. The quantities plotted are the conventionally
scaled power spectra,

D! !
!(!+ 1)C!

2"
. (32)

Figure 2 shows the kSZ power calculated using both the
nonlinear (Halofit) matter power as well as the corre-
sponding linear spectrum. Nonlinearities in perturbation
evolution enhance the matter power on small scales. For
the fiducial LTB model and the nonlinear matter power,
the kSZ power is found to dominate over the standard
temperature anisotropies for ! >" 1000. Clearly the pres-
ence of such a large kSZ component would result in a
total anisotropy spectrum drastically di"erent from that
actually observed. Although the kSZ power is reduced
considerably in the linear matter power case, it still ex-
ceeds the standard temperature anisotropies by a large
factor for the largest multipoles. While the fiducial model
would therefore appear to be immediately ruled out, we
will see in section VA that the kSZ power depends sen-
sitively on several parameters.
Figure 2 suggests that the nonlinear matter power on

small scales is the main source of the apparently very
strong constraint that the kSZ can provide on void mod-
els. We can examine this more explicitly by plotting
derivatives of the kSZ power. Figure 3 shows the deriva-
tive with respect to redshift,

dD!

dz
=

8"!(!+ 1)

(2!+ 1)3
dr

dz
rF 2(r)P"

!

2!+ 1

2r
, z(r)

"

. (33)
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FIG. 3: The derivative of the kSZ power with respect to
redshift, calculated in the Limber approximation using the
Halofit nonlinear power for three multipoles: ! = 30 (dot-
ted, blue curve), ! = 300 (dashed, red curve), and ! = 3000
(solid, black curve). Results are presented for the fiducial
LTB model.

In words, it shows how the contributions to the total
power at various distances along the line of sight are
distributed. The figure shows that, essentially indepen-
dently of !, most of the kSZ power originates at redshifts
z # 0.5, i.e. near the edge of the void for the fiducial
model which extends to zL = 0.5. The redshift distribu-
tion of the kSZ power is largely determined by the dipole
function, #(z). Indeed, the dipole peaks near z = zL and
exhibits a zero at z # 2 which is visible in figure 3.
Figure 4 shows the derivative of kSZ power with re-

spect to logarithmic k interval,

dD!

d ln k
=

2"!(!+ 1)

2!+ 1
F 2

!

2!+ 1

2k

"

P"(k, z)

k2
, (34)

for both the nonlinear and linear matter power spectrum.
That is, it shows how the contributions to the kSZ power
from di"erent length scales are distributed. Importantly,
the distributions are plotted with respect to the scale k!,
calculated as described in section II B (and measured as
a proper wave number today). This is the scale that we
would conclude a feature lies at if we mistakenly assumed
that the !FLRW model was correct, when actually the
specified LTB model was correct.
As expected from the relation (21), figure 4 shows that

the wave numbers sourcing the kSZ power scale in inverse
proportion to the angular scale examined on the sky. In
addition, it is clear that the length scales sourcing the
most powerful part of the kSZ spectrum, near ! # 3000,
are strongly nonlinear. Importantly, the figure also shows
that the length scales we would infer to make the largest
contribution to the high-! kSZ e"ect are very small: for
! = 3000, the corresponding length scales are roughly
1/3 Mpc. We will discuss the significance of these small
scales in section VB.

figure from Zibin & Moss, 2011



THAT’S ALL THAT CAN 
CONSTRAIN OUR POTENTIAL4 W. Valkenburg et al.
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Figure 1. Marginalized constraints on rb and �0 from di↵er-

ent combinations of data: “C” refers to CMB, “R” to H0, “B”
to BAO, “S” to SN, “A” to absolute age data, “a” to age data

used as lower bound only, “K” to kSZ, “Y” to Compton-y dis-

tortion. The strongest constraints at low redshifts come from SN,
while the strongest constraint on �0 on large scales seems to come

from kSZ. Naturally all datasets combined give the strongest con-

straints. See Fig. 2 for a comparison of the CRBSaKY plot to the
Copernican prior.

background, and g the determinant of the metric (1). A sim-
ilar function has been used by Hunt & Sarkar (2010) to com-
pute the probability of having a large void in an Einstein-de
Sitter universe, so large that the need for a cosmological
constant vanishes (which is not the case considered here).

4 ANALYSIS

We explore a 14-dimensional parameter space using Cos-

moMC (Lewis & Bridle 2002): four parameters describing
the inhomogeneity including an overall curvature term (kb),
the ratio of baryons to dark matter, the cosmological con-
stant, the optical depth to the surface of last scattering, the
age of the universe, three spectral parameters for the CMB
(scalar amplitude, tilt and running of the tilt), the amplitude
of a thermal SZ template that is used for the CMB spectrum
and the two SN nuisance parameters. We calculate cosmic
distances using VoidDistancesII (Marra et al. 2012), and
compute the corrected CMB spectrum using CAMB (Lewis
et al. 2000).

5 RESULTS

We present our results in terms of the non-Copernican pa-
rameters �0 and rb, marginalizing over all other aforemen-
tioned parameters. In Fig. 1 we show the constraints on the
non-Copernican parameters from a number of possible com-
binations of datasets, ordered by constraining power. In all
cases we use the CMB constraints in combination with at
least one other dataset. Not surprisingly, all datasets com-
bined provide the strongest constraints, only allowing for a
narrow range of contrasts, however for many radii.
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Figure 2. Marginalized posterior probability of L and �0 from all

data sets combined (blue contours, closely related to CRBSaKY
in Fig. 1, albeit with a slightly di↵erent quantity on the vertical

axis, L in stead of rb) at 68%, 95% and 99% confidence level (c.l.),

compared to the Copernican posterior obtained by fitting CMB
only while imposing the Copernican prior, (red to gray coloring)

at 68%, 95% and 99% c.l. The ratio of the areas of the 99%-c.l.

surfaces is roughly a factor of three. The allowed area needs to
be reduced by a factor of three so as to confirm the Copernican

principle. The marginalized 95% c.l. limits on the contrast are

�0.29 < �0 < 0.14 for CRBSaKY and �0.12 < �0 < 0.12 for the
Copernican prior.

The key result of this paper is shown in Fig. 2, where
we compare the posterior probability from all datasets to
a posterior which is the Copernican prior convolved with
the CMB likelihood. We find that the area of constraints
on L and �0 needs to decrease by a factor of three to con-
firm the Copernican principle, because then observations on
the lightcone constrain inhomogeneity to within the range
allowed for by the CMB power spectrum.

Finally, in Fig. 3 we show for the first time constraints
on the cosmological constant, ⇤, marginalized over the ef-
fect of inhomogeneities around us, compared to the same
constraints without taking into account inhomogeneity. We
find that error bars increase by 15% if one marginalizes over
inhomogeneity.

The analysis regarding the constraints from H0, SNe,
BAO and kSZ uses data and results that have been obtained
assuming, at some point, an FLRW framework. While we
correctly used the processed data so as to compare it with
the inhomogeneous universe, in principle one should con-
front to data that is as close to raw as possible. While this
caveat should be kept in mind when interpreting our results,
we do not expect the analysis to be sizably biased because
the inhomogeneous universe we are considering does not de-
part strongly from its FLRW background, as shown by the
results of Fig. 2.

Our constraints depend on a variety of assumptions, in
particular that dark energy is described by a cosmological
constant (Marra et al. 2012; Ben-Dayan et al. 2013) and that
general relativity is the correct theory of gravity. Our con-
straints apply to inhomogeneity which arise at late times,
and do not apply to possible non-Copernican properties at
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Figure 1. Marginalized constraints on rb and �0 from di↵er-

ent combinations of data: “C” refers to CMB, “R” to H0, “B”
to BAO, “S” to SN, “A” to absolute age data, “a” to age data

used as lower bound only, “K” to kSZ, “Y” to Compton-y dis-

tortion. The strongest constraints at low redshifts come from SN,
while the strongest constraint on �0 on large scales seems to come

from kSZ. Naturally all datasets combined give the strongest con-

straints. See Fig. 2 for a comparison of the CRBSaKY plot to the
Copernican prior.

background, and g the determinant of the metric (1). A sim-
ilar function has been used by Hunt & Sarkar (2010) to com-
pute the probability of having a large void in an Einstein-de
Sitter universe, so large that the need for a cosmological
constant vanishes (which is not the case considered here).

4 ANALYSIS

We explore a 14-dimensional parameter space using Cos-

moMC (Lewis & Bridle 2002): four parameters describing
the inhomogeneity including an overall curvature term (kb),
the ratio of baryons to dark matter, the cosmological con-
stant, the optical depth to the surface of last scattering, the
age of the universe, three spectral parameters for the CMB
(scalar amplitude, tilt and running of the tilt), the amplitude
of a thermal SZ template that is used for the CMB spectrum
and the two SN nuisance parameters. We calculate cosmic
distances using VoidDistancesII (Marra et al. 2012), and
compute the corrected CMB spectrum using CAMB (Lewis
et al. 2000).

5 RESULTS

We present our results in terms of the non-Copernican pa-
rameters �0 and rb, marginalizing over all other aforemen-
tioned parameters. In Fig. 1 we show the constraints on the
non-Copernican parameters from a number of possible com-
binations of datasets, ordered by constraining power. In all
cases we use the CMB constraints in combination with at
least one other dataset. Not surprisingly, all datasets com-
bined provide the strongest constraints, only allowing for a
narrow range of contrasts, however for many radii.
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Figure 2. Marginalized posterior probability of L and �0 from all

data sets combined (blue contours, closely related to CRBSaKY
in Fig. 1, albeit with a slightly di↵erent quantity on the vertical

axis, L in stead of rb) at 68%, 95% and 99% confidence level (c.l.),

compared to the Copernican posterior obtained by fitting CMB
only while imposing the Copernican prior, (red to gray coloring)

at 68%, 95% and 99% c.l. The ratio of the areas of the 99%-c.l.

surfaces is roughly a factor of three. The allowed area needs to
be reduced by a factor of three so as to confirm the Copernican

principle. The marginalized 95% c.l. limits on the contrast are

�0.29 < �0 < 0.14 for CRBSaKY and �0.12 < �0 < 0.12 for the
Copernican prior.

The key result of this paper is shown in Fig. 2, where
we compare the posterior probability from all datasets to
a posterior which is the Copernican prior convolved with
the CMB likelihood. We find that the area of constraints
on L and �0 needs to decrease by a factor of three to con-
firm the Copernican principle, because then observations on
the lightcone constrain inhomogeneity to within the range
allowed for by the CMB power spectrum.

Finally, in Fig. 3 we show for the first time constraints
on the cosmological constant, ⇤, marginalized over the ef-
fect of inhomogeneities around us, compared to the same
constraints without taking into account inhomogeneity. We
find that error bars increase by 15% if one marginalizes over
inhomogeneity.

The analysis regarding the constraints from H0, SNe,
BAO and kSZ uses data and results that have been obtained
assuming, at some point, an FLRW framework. While we
correctly used the processed data so as to compare it with
the inhomogeneous universe, in principle one should con-
front to data that is as close to raw as possible. While this
caveat should be kept in mind when interpreting our results,
we do not expect the analysis to be sizably biased because
the inhomogeneous universe we are considering does not de-
part strongly from its FLRW background, as shown by the
results of Fig. 2.

Our constraints depend on a variety of assumptions, in
particular that dark energy is described by a cosmological
constant (Marra et al. 2012; Ben-Dayan et al. 2013) and that
general relativity is the correct theory of gravity. Our con-
straints apply to inhomogeneity which arise at late times,
and do not apply to possible non-Copernican properties at
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SUMMARY

• Our potential on large scales can be partially constrained by 
observations

• Comparing to prediction from homogeneous cosmology

• The copernican principle is quantifiable! We are at 2, 
goal is < 1.


