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Inflation: 

solves cosmological puzzles
uses GR + scalar fields [(semi-)classical]
can be implemented in high energy theories
makes falsifiable predictions ...
... consistent with all known observations
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Problems of Inflation 3
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Fig. 1. Space-time diagram (sketch) showing the evolution of scales in inflationary
cosmology. The vertical axis is time, and the period of inflation lasts between ti and
tR, and is followed by the radiation-dominated phase of standard big bang cosmol-
ogy. During exponential inflation, the Hubble radius H

!1 is constant in physical
spatial coordinates (the horizontal axis), whereas it increases linearly in time after
tR. The physical length corresponding to a fixed comoving length scale labelled by
its wavenumber k increases exponentially during inflation but increases less fast than
the Hubble radius (namely as t

1/2), after inflation.

From R. Brandenberger, in M. Lemoine, J. Martin & P. P. (Eds.), “Inflationary cosmology”,
Lect. Notes Phys. 738 (Springer, Berlin, 2007).
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 Trans-Planckian

Hierarchy (amplitude)?

 Validity of classical GR?
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Alternative model???

singularity, initial conditions & homogeneity

provide challengers / new ingredients!

Inflation: 

solves cosmological puzzles
uses GR + scalar fields [(semi-)classical]
can be implemented in high energy theories
makes falsifiable predictions ...
... consistent with all known observations
string based ideas (brane inflation, ...)

bounces
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A brief history of bouncing cosmology

R. C. Tolman,  “On the Theoretical Requirements for a Periodic Behaviour of the Universe”, PRD 38, 1758 (1931) 

G. Lemaître,  “L’Univers en expansion”, Ann. Soc. Sci. Bruxelles (1933) 
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Quantum nucleation?

Penrose: BH formation 

PBB - Ekpyrotic - Modified gravity - Quantum cosmology - Quintom - 
Horava-Lifshitz - Lee-Wick - ...
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A. A. Starobinsky,  “On one non-singular isotropic cosmological model”, Sov. Astron. Lett. 4, 82 (1978) 
M. Novello & J. M. Salim,  “Nonlinear photons in the universe”, Phys. Rev. 20, 377  (1979) 
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R. Durrer & J. Laukerman,  “The oscillating Universe: an alternative to inflation”, Class. Quantum Grav. 13, 1069 (1996) 
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Ekpyrotic/cyclic scenario: 

3

inspiration in the extra dimensional scenarios, à la Ran-
dall – Sundrum [4], and can be motivated by compact-
ifying the action of 11 dimensional supergravity on an
S1/Z2 orbifold, compactified on a Calabi–Yau three-fold.
This results in an e!ectively five dimensional action read-
ing
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where # is the scalar modulus, and F the field strength of
a four-form gauge field. Two four–dimensional boundary
branes (orbifold fixed planes), one of which to be later
identified with our universe, are separated by a finite gap.
Both are BPS states [13], i.e., they can be described at
low energy by an e!ective N = 1 supersymmetric model,
so that their curvature vanishes. This is how the flatness
problem is addressed in the ekpyrotic model.
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FIG. 1: Schematic representation of the old ekpyrotic model
as a bulk – boundary branes in an e!ective five dimensional
theory. Our Universe is to be identified with the visible brane,
and a bulk brane is spontaneously nucleated near the hidden
brane, moving towards our universe to produce the Big-Bang
singularity and primordial perturbations. In the new ekpy-
rotic scenario, the bulk brane is absent and it is the hidden
brane that collides with the visible one, generating the hot
Big Bang singularity.

In the “old” scenario [8], the five dimensional bulk is
also assumed to contain various fields not described here,
whose excitations can lead to the spontaneous nucleation
of yet another, much lighter, freely moving, brane. In
the so-called “new” scenario [9], and its cyclic exten-
sion [23], it is the hidden boundary brane that is able
to move in the bulk. In both cases, this extra brane, if
assumed BPS (as demanded by minimization of the ac-
tion) is flat, parallel to the boundary branes and initially

at rest. Non perturbative e!ects yield an interaction po-
tential between the visible and the bulk brane. The dis-
tance of the former to the latter can be regarded as a
scalar field living on the four dimensional visible bound-
ary brane whose e!ective action is thus that of four di-
mensional GR together with a scalar field " evolving in
an exponential potential, namely
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where & is a constant and $ = 8%G = 8%/m2
Pl

. Apart
from the sign, the potential is the one that leads to the
well known power-law inflation model if the value of &
lies in a given range [24].

The interaction between the two branes results in one
(bulk or hidden) brane moving towards the other (vis-
ible) boundary until they collide. This impact time is
then identified with the Big-Bang of standard cosmol-
ogy. Slightly before that time, the exponential potential
abruptly goes to zero so the boundary brane is led to a
singular transition at which the kinetic energy of the bulk
brane is converted into radiation. The result is, from this
point on, exactly similar to standard big bang cosmology,
with the di!erence that the flatness problem is claimed
to be solved by saying our Universe originated as a BPS
state (see however [23]).

FIG. 2: Scale factor in the new ekpyrotic scenario. The
Universe starts its evolution with a slow contraction phase
a ! ("!)1+! with " = "0.9 on the figure. The bounce itself
is explicitly associated with a singularity which is approached
by the scalar field kinetic term domination phase, and the
expansion then connects to the standard Big-Bang radiation
dominated phase.
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dall – Sundrum [4], and can be motivated by compact-
ifying the action of 11 dimensional supergravity on an
S1/Z2 orbifold, compactified on a Calabi–Yau three-fold.
This results in an e!ectively five dimensional action read-
ing

S5 !
!

M5

d5x
"

"g5

#

R
(5)

"
1

2
(!")2 "

3

2

e2!F2

5 !

$

, (1)

where # is the scalar modulus, and F the field strength of
a four-form gauge field. Two four–dimensional boundary
branes (orbifold fixed planes), one of which to be later
identified with our universe, are separated by a finite gap.
Both are BPS states [13], i.e., they can be described at
low energy by an e!ective N = 1 supersymmetric model,
so that their curvature vanishes. This is how the flatness
problem is addressed in the ekpyrotic model.

R
orb

Bulk

K=0

V
is
ib
le

H
id
d
en

4 
D

 b
ra

n
e,

Q
u
as

i 
B

P
S

FIG. 1: Schematic representation of the old ekpyrotic model
as a bulk – boundary branes in an e!ective five dimensional
theory. Our Universe is to be identified with the visible brane,
and a bulk brane is spontaneously nucleated near the hidden
brane, moving towards our universe to produce the Big-Bang
singularity and primordial perturbations. In the new ekpy-
rotic scenario, the bulk brane is absent and it is the hidden
brane that collides with the visible one, generating the hot
Big Bang singularity.

In the “old” scenario [8], the five dimensional bulk is
also assumed to contain various fields not described here,
whose excitations can lead to the spontaneous nucleation
of yet another, much lighter, freely moving, brane. In
the so-called “new” scenario [9], and its cyclic exten-
sion [23], it is the hidden boundary brane that is able
to move in the bulk. In both cases, this extra brane, if
assumed BPS (as demanded by minimization of the ac-
tion) is flat, parallel to the boundary branes and initially

at rest. Non perturbative e!ects yield an interaction po-
tential between the visible and the bulk brane. The dis-
tance of the former to the latter can be regarded as a
scalar field living on the four dimensional visible bound-
ary brane whose e!ective action is thus that of four di-
mensional GR together with a scalar field " evolving in
an exponential potential, namely

S4 =

!

M4

d4x
"

"g4

#

R
(4)

2$
"

1

2
(!#)2 " V (#)

$

, (2)

with

V (") = "Vi exp

#

"
4
#

%&

mPl

(" " "i)

$

, (3)

where & is a constant and $ = 8%G = 8%/m2
Pl

. Apart
from the sign, the potential is the one that leads to the
well known power-law inflation model if the value of &
lies in a given range [24].

The interaction between the two branes results in one
(bulk or hidden) brane moving towards the other (vis-
ible) boundary until they collide. This impact time is
then identified with the Big-Bang of standard cosmol-
ogy. Slightly before that time, the exponential potential
abruptly goes to zero so the boundary brane is led to a
singular transition at which the kinetic energy of the bulk
brane is converted into radiation. The result is, from this
point on, exactly similar to standard big bang cosmology,
with the di!erence that the flatness problem is claimed
to be solved by saying our Universe originated as a BPS
state (see however [23]).

FIG. 2: Scale factor in the new ekpyrotic scenario. The
Universe starts its evolution with a slow contraction phase
a ! ("!)1+! with " = "0.9 on the figure. The bounce itself
is explicitly associated with a singularity which is approached
by the scalar field kinetic term domination phase, and the
expansion then connects to the standard Big-Bang radiation
dominated phase.

3

inspiration in the extra dimensional scenarios, à la Ran-
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Unstable Growth of Curvature Perturbations in Nonsingular Bouncing Cosmologies

BingKan Xue1 and Paul J. Steinhardt1,2

1Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
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Bouncing cosmologies require an ekpyrotic contracting phase (w ! 1) in order to achieve flatness,

homogeneity, and isotropy. Models with a nonsingular bounce further require a bouncing phase that

violates the null energy condition (w<"1). We show that the transition from the ekpyrotic phase to the

bouncing phase creates problems for cosmological perturbations. A component of the adiabatic curvature

perturbations, though decaying and negligible during the ekpyrotic phase, is exponentially amplified just

before w approaches "1, enough to spoil the scale-invariant perturbation spectrum.

DOI: 10.1103/PhysRevLett.105.261301 PACS numbers: 98.80.Cq

Beginning with Friedmann’s 1922 paper [1] introducing
expanding cosmological solutions in general relativity,
theorists have considered the possibility that the big
bang is a bounce from a preexisting contracting phase to
the current expanding phase. General models of this type
can be eliminated because the Universe undergoes chaotic
mixmaster oscillations during the contracting phase [2]
and becomes too inhomogeneous after the bounce to be
compatible with observations. Remaining possibilities,
though, are bouncing cosmologies in which there is a
phase of ultraslow contraction with w> 1 [3,4]. Such an
ekpyrotic phase not only suppresses chaotic mixmaster
oscillations [5] but actually smooths, isotropizes, and
flattens the Universe and can generate a nearly scale-
invariant spectrum of curvature perturbations, consistent
with current observations of the cosmic microwave back-
ground (CMB).

Whether the remaining possibilities are truly viable
depends on whether the bounce maintains the conditions
created during the ekpyrotic phase into the expanding
phase. Two types of bounces have been discussed. In a
‘‘singular bounce,’’ as used in the original ekpyrotic [6]
and cyclic [7] theories, the Universe contracts towards a
‘‘big crunch’’ until the scale factor a#t$ is so small that
quantum gravity effects become important. The presump-
tion is that these quantum gravity effects introduce devia-
tions from conventional general relativity and produce a
bounce that preserves the smooth, flat conditions achieved
during the ultraslow contraction phase.

The other type is a ‘‘nonsingular bounce,’’ as considered
in the ‘‘new ekpyrotic model’’ [8], where the Universe
stops contraction and reverses to expansion at a finite value
of a#t$ where classical general relativity is still valid. A
significant advantage of this scenario is that the entire
cosmological history can be described by 4D effective field
theory and classical general relativity, without invoking
extra dimensions or quantum gravity effects. However,
for the bounce to happen within classical general relativity,
the null energy condition (NEC) must be violated,

requiring a departure from the ekpyrotic phase into a
sustained period of w<"1 prior to the bounce.
In this Letter, we show that a nonsingular bounce is

problematic for cosmological perturbations. In particular,
while a scale-invariant component of curvature perturba-
tions is generated during or just after the ekpyrotic phase, a
potentially dangerous component of adiabatic curvature
perturbations is created at the same time. This mode has
been previously ignored because, after exiting horizon
when w % 1, its amplitude becomes exponentially sup-
pressed on large length scales compared to the scale-
invariant modes. In a singular bounce, this mode remains
completely negligible because w % 1 all the way up to the
bounce. However, for the nonsingular bounce, the ekpyr-
otic phase must end and w must fall below "1 in the
bouncing phase. We show that, right before crossing
w & "1, the adiabatic mode undergoes exponential am-
plification such that the scale-invariant spectrum is spoiled
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‘‘big crunch’’ until the scale factor a#t$ is so small that
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tion is that these quantum gravity effects introduce devia-
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stops contraction and reverses to expansion at a finite value
of a#t$ where classical general relativity is still valid. A
significant advantage of this scenario is that the entire
cosmological history can be described by 4D effective field
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extra dimensions or quantum gravity effects. However,
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the null energy condition (NEC) must be violated,

requiring a departure from the ekpyrotic phase into a
sustained period of w<"1 prior to the bounce.
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pressed on large length scales compared to the scale-
invariant modes. In a singular bounce, this mode remains
completely negligible because w % 1 all the way up to the
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otic phase must end and w must fall below "1 in the
bouncing phase. We show that, right before crossing
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To illustrate the effect, we take as an example the new
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can be eliminated because the Universe undergoes chaotic
mixmaster oscillations during the contracting phase [2]
and becomes too inhomogeneous after the bounce to be
compatible with observations. Remaining possibilities,
though, are bouncing cosmologies in which there is a
phase of ultraslow contraction with w> 1 [3,4]. Such an
ekpyrotic phase not only suppresses chaotic mixmaster
oscillations [5] but actually smooths, isotropizes, and
flattens the Universe and can generate a nearly scale-
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and cyclic [7] theories, the Universe contracts towards a
‘‘big crunch’’ until the scale factor a#t$ is so small that
quantum gravity effects become important. The presump-
tion is that these quantum gravity effects introduce devia-
tions from conventional general relativity and produce a
bounce that preserves the smooth, flat conditions achieved
during the ultraslow contraction phase.

The other type is a ‘‘nonsingular bounce,’’ as considered
in the ‘‘new ekpyrotic model’’ [8], where the Universe
stops contraction and reverses to expansion at a finite value
of a#t$ where classical general relativity is still valid. A
significant advantage of this scenario is that the entire
cosmological history can be described by 4D effective field
theory and classical general relativity, without invoking
extra dimensions or quantum gravity effects. However,
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the null energy condition (NEC) must be violated,
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sustained period of w<"1 prior to the bounce.
In this Letter, we show that a nonsingular bounce is

problematic for cosmological perturbations. In particular,
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perturbations is created at the same time. This mode has
been previously ignored because, after exiting horizon
when w % 1, its amplitude becomes exponentially sup-
pressed on large length scales compared to the scale-
invariant modes. In a singular bounce, this mode remains
completely negligible because w % 1 all the way up to the
bounce. However, for the nonsingular bounce, the ekpyr-
otic phase must end and w must fall below "1 in the
bouncing phase. We show that, right before crossing
w & "1, the adiabatic mode undergoes exponential am-
plification such that the scale-invariant spectrum is spoiled
and perturbation theory breaks down.
To illustrate the effect, we take as an example the new

ekpyrotic model [8], which captures the generic features of
nonsingular bouncing models. In this example a scalar field
is introduced to drive both the ekpyrotic phase during
which it behaves as a fluid with w ! 1 and the bouncing
phase during which w<"1 by means of ghost condensa-
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the current expanding phase. General models of this type
can be eliminated because the Universe undergoes chaotic
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and becomes too inhomogeneous after the bounce to be
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though, are bouncing cosmologies in which there is a
phase of ultraslow contraction with w> 1 [3,4]. Such an
ekpyrotic phase not only suppresses chaotic mixmaster
oscillations [5] but actually smooths, isotropizes, and
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depends on whether the bounce maintains the conditions
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‘‘big crunch’’ until the scale factor a#t$ is so small that
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tion is that these quantum gravity effects introduce devia-
tions from conventional general relativity and produce a
bounce that preserves the smooth, flat conditions achieved
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in the ‘‘new ekpyrotic model’’ [8], where the Universe
stops contraction and reverses to expansion at a finite value
of a#t$ where classical general relativity is still valid. A
significant advantage of this scenario is that the entire
cosmological history can be described by 4D effective field
theory and classical general relativity, without invoking
extra dimensions or quantum gravity effects. However,
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the null energy condition (NEC) must be violated,

requiring a departure from the ekpyrotic phase into a
sustained period of w<"1 prior to the bounce.
In this Letter, we show that a nonsingular bounce is

problematic for cosmological perturbations. In particular,
while a scale-invariant component of curvature perturba-
tions is generated during or just after the ekpyrotic phase, a
potentially dangerous component of adiabatic curvature
perturbations is created at the same time. This mode has
been previously ignored because, after exiting horizon
when w % 1, its amplitude becomes exponentially sup-
pressed on large length scales compared to the scale-
invariant modes. In a singular bounce, this mode remains
completely negligible because w % 1 all the way up to the
bounce. However, for the nonsingular bounce, the ekpyr-
otic phase must end and w must fall below "1 in the
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plification such that the scale-invariant spectrum is spoiled
and perturbation theory breaks down.
To illustrate the effect, we take as an example the new

ekpyrotic model [8], which captures the generic features of
nonsingular bouncing models. In this example a scalar field
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which it behaves as a fluid with w ! 1 and the bouncing
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nonsingular bouncing models. In this example a scalar field
is introduced to drive both the ekpyrotic phase during
which it behaves as a fluid with w ! 1 and the bouncing
phase during which w<"1 by means of ghost condensa-
tion [9]. This framework can be described by an effective
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Standard puzzles and some (bouncing) solutions
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ä

ȧ3
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Perturbations Planck raises serious questions...
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!crit !
3H2

8"GN

! !
!tot

!crit

! = 1 =" K = 0

ä
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Implementing a bounce = problem with GR!

Violation of Null Energy Condition (NEC)

Λ or w � −1 perfect fluid ?
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Instabilities for perfect fluids
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Positive spatial curvature + scalar field

Modify GR?

Add new terms?

Various instabilities may arise!
(e.g. radiation for matter bounce or curvature perturbations)

K-bounce, Ghost condensates, Galileons...?
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The problem with contraction: BKL/shear instability

3

since in the present paper we adopt the convention that
the scalar field φ is dimensionless.

The function g(φ) is chosen such that a phase of ghost
condensation only occurs during a short time when φ ap-
proaches φ = 0. This requires the dimensionless function
g to be smaller than unity when |φ|� 1 but larger than
unity when φ approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice of g as a
function of φ. We want g to be negligible when |φ| � 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coefficient in the
quadratic kinetic term when φ approaches 0. Thus, we
suggest its form to be

g(φ) =
2g0

e−
q

2
p φ + ebg

q
2
p φ

, (6)

where g0 is a positive constant defined as the value of g

at the moment when φ = 0, and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for φ.
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar field can be an attractor solution when
its potential is an exponential function. One example is
inflationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous field trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be

V (φ) = − 2V0

e−
q

2
q φ + ebV

q
2
q φ

, (7)

where V0 is a positive constant with dimension of (mass)4.
Thus the potential is always negative and asymptotically
approaches zero when |φ|� 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functions g(φ)
and V (φ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(φ, X) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in φ, but the equation of
motion remains a second order differential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(φ, X). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-definite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.

Figure 1: Model functions g(φ) and V (φ) as given by Eqs. (6)
and (7), with background parameters taken as for the follow-
ing evolution figures, namely as in Eqs. (65) and (66).

function of only X:

G(X) = γX, (8)

where γ is a positive-definite number.
We now turn to the study of the cosmology of this

model. In order to characterize a homogeneous but
anisotropic universe, we take the metric to be of the form

ds
2 = dt

2 − a
2(t)

�

i

e2θi(t)σiσi
, (9)

where t is cosmic time, σi are linearly independent at
all points in space-time and form a three dimensional
homogeneous space.

In the case of a Ricci flat space, one can consider the
projection σi = dx

i and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functions eθi(t) de-
scribe the correction of anisotropies to the scale factor.
Since the values of scale factors can be re-scaled arbitrar-
ily, one can impose an additional constraint

�

i

θi = 0. (10)

Then, one can immediately define a mean Hubble param-
eter as follows,

H ≡ ȧ

a
, (11)

and the individual Hubble parameters along spatial di-
rections are given by,

Hi ≡
1

aeθi

d
dt

�
aeθi

�
= H + θ̇i, (no sum) (12)
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scribe the correction of anisotropies to the scale factor.
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since in the present paper we adopt the convention that
the scalar field φ is dimensionless.

The function g(φ) is chosen such that a phase of ghost
condensation only occurs during a short time when φ ap-
proaches φ = 0. This requires the dimensionless function
g to be smaller than unity when |φ|� 1 but larger than
unity when φ approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice of g as a
function of φ. We want g to be negligible when |φ| � 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coefficient in the
quadratic kinetic term when φ approaches 0. Thus, we
suggest its form to be

g(φ) =
2g0

e−
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p φ + ebg
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p φ

, (6)

where g0 is a positive constant defined as the value of g

at the moment when φ = 0, and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for φ.
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar field can be an attractor solution when
its potential is an exponential function. One example is
inflationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous field trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be

V (φ) = − 2V0

e−
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2
q φ + ebV
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2
q φ

, (7)

where V0 is a positive constant with dimension of (mass)4.
Thus the potential is always negative and asymptotically
approaches zero when |φ|� 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functions g(φ)
and V (φ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(φ, X) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in φ, but the equation of
motion remains a second order differential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(φ, X). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-definite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.
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a
, (11)

and the individual Hubble parameters along spatial di-
rections are given by,

Hi ≡
1

aeθi

d
dt

�
aeθi

�
= H + θ̇i, (no sum) (12)

Mean Hubble parameter

4

where the overdot denotes the derivative with respect to
cosmic time t.

Since we are interested in studying anisotropies rather
than inhomogeneities we can treat the matter fields to be
homogeneous, which implies φ is only a function of cosmic
time. Thus, the kinetic terms of the homogeneous scalar
field background become

X =
1
2
φ̇2

,

�φ = φ̈ + 3Hφ̇, (13)

so that, for this background, the energy density of the
scalar field is

ρφ =
1
2
M

2
Pl

(1− g)φ̇2 +
3
4
βφ̇4 + 3γHφ̇3 + V (φ), (14)

and the pressure is

pφ =
1
2
M

2
Pl

(1− g)φ̇2 +
1
4
βφ̇4 − γφ̇2φ̈− V (φ), (15)

as follows by computing the diagonal components of the
stress-energy tensor (4).

Additionally, the matter fluid contributes its own en-
ergy density ρm and pressure pm, and usually they are
associated with a constant equation-of-state parameter
wm = pm/ρm. Namely, for normal radiation, wm = 1

3 ,
while for normal matter, wm = 0.

To derive the equation of motion for φ, one can either
vary the Lagrangian with respect to φ or, equivalently,
require that the covariant derivative of its stress-energy
tensor vanishes. This yields

Pφ̈ +Dφ̇ + V,φ = 0, (16)

where we have introduced

P = (1− g)M2
Pl

+ 6γHφ̇ + 3βφ̇2 +
3γ2

2M2
Pl

φ̇4
, (17)

D = 3(1− g)M2
Pl

H +
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9γH
2 − 1

2
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2
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g,φ
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φ̇ + 3βHφ̇2

−3
2
(1− g)γφ̇3 − 9γ2

Hφ̇4

2M2
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− 3βγφ̇5

2M2
Pl

−3
2
G,X

�

i

θ̇2
i φ̇− 3G,X

2M2
Pl

(ρm + pm)φ̇. (18)

From Eq. (16), it is clear that the function P determines
the positivity of the kinetic term of the scalar field and
thus can be used to determine whether the model con-
tains a ghost or not at the perturbative level; the function
D on the other hand, represents an effective damping
term. By keeping the first terms of the expressions of
P and D and setting g = 0, one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
the velocity of φ is sub-Planckian. Note that the friction
term D contains the contributions from anisotropic fac-
tors and matter fluid, which can be suppressed for small

values of φ̇. However, these terms will become important
during the bouncing phase where φ̇ reaches a maximal
value. For simplicity, in the following we will consider
matter fluid is cold and thus wm = 0.

Finally, we can write down Einstein equations in this
background, given by

M
2
Pl

�
Rµν −

R

2
gµν

�
= T

φ
µν + T

m
µν . (19)

Once expanded in components, this tensor equation
yields the effective Friedmann equations,

H
2 =

ρT

3M2
Pl

+
1
6

�

i

θ̇2
i , (20)

Ḣ = −ρT + pT

2M2
Pl

− 1
2

�

i

θ̇2
i , (21)

where ρT and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar field and the fluid.

Moreover, combining the spatial component of Ein-
stein equation with the constraint equation (10) yields

θ̈i + 3H θ̇i = 0, (22)

from which it follows that

θ̇i(t) = Mθ,i
a
3
B

a3(t)
, (23)

where aB is the mean scale factor of the universe at the
bouncing point. The coefficients Mθ,i are integral con-
stants with a dimension of mass. According to the con-
straint equation (10), one can read off that

�

i

Mθ,i = 0. (24)

Plugging Eq. (23) into Eq. (20) shows that one can
introduce an effective energy density of anisotropy

ρθ ≡
M

2
Pl

2

�

i

θ̇2
i ∝ a

−6
, (25)

whose evolution as 1/a
6 implies an effective equation-of-

state parameter equal to wθ = 1. We see that this effec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.

III. BACKGROUND EVOLUTION

The initial conditions of our model are chosen (as in
[38]) such that we start in a contracting phase dominated
by regular matter. Since the energy density of the Ekpy-
rotic scalar field φ grows faster than that of regular mat-
ter, φ will at some time begin to dominate the energy
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ter, φ will at some time begin to dominate the energy
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since in the present paper we adopt the convention that
the scalar field φ is dimensionless.

The function g(φ) is chosen such that a phase of ghost
condensation only occurs during a short time when φ ap-
proaches φ = 0. This requires the dimensionless function
g to be smaller than unity when |φ|� 1 but larger than
unity when φ approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice of g as a
function of φ. We want g to be negligible when |φ| � 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coefficient in the
quadratic kinetic term when φ approaches 0. Thus, we
suggest its form to be

g(φ) =
2g0

e−
q

2
p φ + ebg

q
2
p φ

, (6)

where g0 is a positive constant defined as the value of g

at the moment when φ = 0, and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for φ.
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar field can be an attractor solution when
its potential is an exponential function. One example is
inflationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous field trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be

V (φ) = − 2V0

e−
q

2
q φ + ebV

q
2
q φ

, (7)

where V0 is a positive constant with dimension of (mass)4.
Thus the potential is always negative and asymptotically
approaches zero when |φ|� 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functions g(φ)
and V (φ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(φ, X) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in φ, but the equation of
motion remains a second order differential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(φ, X). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-definite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.

Figure 1: Model functions g(φ) and V (φ) as given by Eqs. (6)
and (7), with background parameters taken as for the follow-
ing evolution figures, namely as in Eqs. (65) and (66).
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where t is cosmic time, σi are linearly independent at
all points in space-time and form a three dimensional
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In the case of a Ricci flat space, one can consider the
projection σi = dx

i and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functions eθi(t) de-
scribe the correction of anisotropies to the scale factor.
Since the values of scale factors can be re-scaled arbitrar-
ily, one can impose an additional constraint

�

i

θi = 0. (10)

Then, one can immediately define a mean Hubble param-
eter as follows,

H ≡ ȧ
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nomenologically, there are few requirements on the ex-
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where the overdot denotes the derivative with respect to
cosmic time t.

Since we are interested in studying anisotropies rather
than inhomogeneities we can treat the matter fields to be
homogeneous, which implies φ is only a function of cosmic
time. Thus, the kinetic terms of the homogeneous scalar
field background become

X =
1
2
φ̇2

,

�φ = φ̈ + 3Hφ̇, (13)

so that, for this background, the energy density of the
scalar field is

ρφ =
1
2
M

2
Pl

(1− g)φ̇2 +
3
4
βφ̇4 + 3γHφ̇3 + V (φ), (14)

and the pressure is

pφ =
1
2
M

2
Pl

(1− g)φ̇2 +
1
4
βφ̇4 − γφ̇2φ̈− V (φ), (15)

as follows by computing the diagonal components of the
stress-energy tensor (4).

Additionally, the matter fluid contributes its own en-
ergy density ρm and pressure pm, and usually they are
associated with a constant equation-of-state parameter
wm = pm/ρm. Namely, for normal radiation, wm = 1

3 ,
while for normal matter, wm = 0.

To derive the equation of motion for φ, one can either
vary the Lagrangian with respect to φ or, equivalently,
require that the covariant derivative of its stress-energy
tensor vanishes. This yields

Pφ̈ +Dφ̇ + V,φ = 0, (16)

where we have introduced

P = (1− g)M2
Pl

+ 6γHφ̇ + 3βφ̇2 +
3γ2

2M2
Pl

φ̇4
, (17)

D = 3(1− g)M2
Pl

H +
�

9γH
2 − 1

2
M

2
Pl

g,φ

�
φ̇ + 3βHφ̇2

−3
2
(1− g)γφ̇3 − 9γ2

Hφ̇4

2M2
Pl

− 3βγφ̇5

2M2
Pl

−3
2
G,X

�

i

θ̇2
i φ̇− 3G,X

2M2
Pl

(ρm + pm)φ̇. (18)

From Eq. (16), it is clear that the function P determines
the positivity of the kinetic term of the scalar field and
thus can be used to determine whether the model con-
tains a ghost or not at the perturbative level; the function
D on the other hand, represents an effective damping
term. By keeping the first terms of the expressions of
P and D and setting g = 0, one can recover the stan-
dard Klein-Gordon equation in the FRW background.
Neglecting the other terms is a good approximation when
the velocity of φ is sub-Planckian. Note that the friction
term D contains the contributions from anisotropic fac-
tors and matter fluid, which can be suppressed for small

values of φ̇. However, these terms will become important
during the bouncing phase where φ̇ reaches a maximal
value. For simplicity, in the following we will consider
matter fluid is cold and thus wm = 0.

Finally, we can write down Einstein equations in this
background, given by

M
2
Pl

�
Rµν −

R

2
gµν

�
= T

φ
µν + T

m
µν . (19)

Once expanded in components, this tensor equation
yields the effective Friedmann equations,

H
2 =

ρT

3M2
Pl

+
1
6

�

i

θ̇2
i , (20)

Ḣ = −ρT + pT

2M2
Pl

− 1
2

�

i

θ̇2
i , (21)

where ρT and pT represent the total energy density and
pressure in the Bianchi type-I universe, i.e., the sum of
the contributions of the scalar field and the fluid.

Moreover, combining the spatial component of Ein-
stein equation with the constraint equation (10) yields

θ̈i + 3H θ̇i = 0, (22)

from which it follows that

θ̇i(t) = Mθ,i
a
3
B

a3(t)
, (23)

where aB is the mean scale factor of the universe at the
bouncing point. The coefficients Mθ,i are integral con-
stants with a dimension of mass. According to the con-
straint equation (10), one can read off that

�

i

Mθ,i = 0. (24)

Plugging Eq. (23) into Eq. (20) shows that one can
introduce an effective energy density of anisotropy

ρθ ≡
M

2
Pl

2

�

i

θ̇2
i ∝ a

−6
, (25)

whose evolution as 1/a
6 implies an effective equation-of-

state parameter equal to wθ = 1. We see that this effec-
tive energy density increases faster than that of pressure-
less matter or radiation in a contraction universe. This
is the source of the BKL instability of the contracting
phase of many bouncing cosmologies.

III. BACKGROUND EVOLUTION

The initial conditions of our model are chosen (as in
[38]) such that we start in a contracting phase dominated
by regular matter. Since the energy density of the Ekpy-
rotic scalar field φ grows faster than that of regular mat-
ter, φ will at some time begin to dominate the energy
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Ekpyrotic solution:
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A nonsingular bounce model

2

sity ρ) is dominant in the contracting phase3. Such an
equation of state can be realized by treating the dominant
form of matter as a scalar field with negative exponen-
tial potential. Since the energy density of the dominant
matter then scales with a−q with q � 6, anisotropies be-
come negligible and the BKL instability is avoided [37]4.
In a recent paper [38], a subset of the present authors
introduced a scalar field with an Ekpyrotic potential to
construct a matter bounce scenario which is free from the
BKL instability problem.

The Ekpyrotic scenario in its original formulation [32]
involves a singular bounce. In addition, the curvature
spectrum of ζ is an nS = 3 spectrum rather than a scale-
invariant nS = 1 one [39–42]. Hence, without non-trivial
matching of ζ across the bounce, one cannot obtain a
scale-invariant spectrum at late time5. To solve this
problem, a new and non-singular version of the Ekpyrotic
scenario [46] was proposed in which a second scalar field
is introduced which does not influence the background
dynamics but develops a scale-invariant spectrum which
starts out as an isocurvature mode but which is trans-
ferred to the adiabatic mode during the evolution. The
second field can also be given a “ghost condensate” La-
grangian [47] in which case it mediates a non-singular
bounce. However, as has been pointed out in [48], in
this “New Ekpyrotic” scenario the anisotropies which are
highly suppressed during the contracting phase again
raise their head and lead to a BKL instability.

In our previous work [38], we argued qualitatively that
in the model we considered the anisotropies remained
negligibly small during the bouncing phase. The reason
for the difference compared to what happens in the model
of [46] is that in our model the kinetic condensate which
grows as the bounce is approached does not need to de-
crease again by the time of the bounce point. This leads
to a shorter bounce time scale and to different dynamics.

In this paper we carefully study the development of
anisotropies in the bouncing cosmology with an Ekpy-
rotic phase of contraction introduced in [38]. We work
in the context of a homogeneous but anisotropic Bianchi
cosmology in which the scale factors in each spatial di-
mension evolve independently. We are able to show that
no BKL type instability develops, in agreement with
what the study of [38] indicated. Our work thus shows
that the arguments against non-singular (as opposed to
singular) bouncing cosmologies put forwards in [48] do

3
There are other approaches to address the anisotropy prob-

lem. For example, nonlinear matter terms may smooth out the

anisotropies [33]. Adding quadratic RαβRαβ
terms to the grav-

itational action can also prevent the BKL instability [34].
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�φ ≡ gµν∇µ∇νφ. (3)
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in which we use the notation that F,φ and F,X denote
derivatives of whatever functional F(φ, X) may be with
respect to φ and X, respectively.
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sity ρ) is dominant in the contracting phase3. Such an
equation of state can be realized by treating the dominant
form of matter as a scalar field with negative exponen-
tial potential. Since the energy density of the dominant
matter then scales with a−q with q � 6, anisotropies be-
come negligible and the BKL instability is avoided [37]4.
In a recent paper [38], a subset of the present authors
introduced a scalar field with an Ekpyrotic potential to
construct a matter bounce scenario which is free from the
BKL instability problem.

The Ekpyrotic scenario in its original formulation [32]
involves a singular bounce. In addition, the curvature
spectrum of ζ is an nS = 3 spectrum rather than a scale-
invariant nS = 1 one [39–42]. Hence, without non-trivial
matching of ζ across the bounce, one cannot obtain a
scale-invariant spectrum at late time5. To solve this
problem, a new and non-singular version of the Ekpyrotic
scenario [46] was proposed in which a second scalar field
is introduced which does not influence the background
dynamics but develops a scale-invariant spectrum which
starts out as an isocurvature mode but which is trans-
ferred to the adiabatic mode during the evolution. The
second field can also be given a “ghost condensate” La-
grangian [47] in which case it mediates a non-singular
bounce. However, as has been pointed out in [48], in
this “New Ekpyrotic” scenario the anisotropies which are
highly suppressed during the contracting phase again
raise their head and lead to a BKL instability.

In our previous work [38], we argued qualitatively that
in the model we considered the anisotropies remained
negligibly small during the bouncing phase. The reason
for the difference compared to what happens in the model
of [46] is that in our model the kinetic condensate which
grows as the bounce is approached does not need to de-
crease again by the time of the bounce point. This leads
to a shorter bounce time scale and to different dynamics.

In this paper we carefully study the development of
anisotropies in the bouncing cosmology with an Ekpy-
rotic phase of contraction introduced in [38]. We work
in the context of a homogeneous but anisotropic Bianchi
cosmology in which the scale factors in each spatial di-
mension evolve independently. We are able to show that
no BKL type instability develops, in agreement with
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that the arguments against non-singular (as opposed to
singular) bouncing cosmologies put forwards in [48] do

3
There are other approaches to address the anisotropy prob-

lem. For example, nonlinear matter terms may smooth out the

anisotropies [33]. Adding quadratic RαβRαβ
terms to the grav-

itational action can also prevent the BKL instability [34].
4

Note, however, that including anisotropic pressures may reintro-

duce instabilities towards anisotropy generation [35].
5

However, the spectrum of the Bardeen potential Φ is scale-

invariant [43], and, as argued in [10] and shown explicitly in some

examples [44, 45], it is this spectrum which may pass through

the bounce, thus yielding a scale-invariant spectrum of curva-

ture fluctuations at late times.

not apply to all non-singular bouncing cosmologies.
The outline of this paper is as follows. In the next sec-

tion we review the bounce model introduced in [38] and
derive the resulting equations of motion for a homoge-
neous but anisotropic universe. In Section 3 we analyt-
ically study the background dynamics in each phase of
the cosmological evolution from the initial matter phase
of contraction through the Ekpyrotic phase to the bounc-
ing phase and the subsequent fast-roll expanding period.
Specifically, we determine the decay or growth rates of
the anisotropy parameter in each phase. In Section 4 we
solve the dynamical system numerically and present our
final results. We close with a general discussion.

A word on notation: We define the reduced Planck
mass by MPl = 1/

�
8πGN where GN is Newton’s gravi-

tational constant. The sign of the metric is taken to be
(+,−,−,−). Note that we take the value of the mean
scale factor at the bounce point to be aB = 1 throughout
the paper.

II. A NONSINGULAR BOUNCE MODEL

We consider a nonsingular bounce model in which the
universe is filled with two matter components, a cosmic
scalar field φ and a generic matter fluid, as proposed in
Ref. [38] (which, in turn, is based on the theory devel-
oped in [49]). The Lagrangian of φ is given by

L [φ (x)] = K(φ, X) + G(φ, X)�φ, (1)

where K and G are functions of φ and its canonical ki-
netic term

X ≡ 1
2
∂µφ∂µφ, (2)

while the other kinetic terms of φ include the operator

�φ ≡ gµν∇µ∇νφ. (3)

Variation of the above scalar field Lagrangian mini-
mally coupled to Einstein gravity leads to the following
corresponding energy momentum tensor

Tφ
µν = (−K + 2XG,φ + G,X∇σX∇σφ)gµν

+(K,X + G,X�φ− 2G,φ)∇µφ∇νφ

−G,X(∇µX∇νφ +∇νX∇µφ), (4)

in which we use the notation that F,φ and F,X denote
derivatives of whatever functional F(φ, X) may be with
respect to φ and X, respectively.

For the model under consideration we choose:

K(φ, X) = M2
Pl

[1− g(φ)]X + βX2 − V (φ), (5)

where we introduce a positive-definite parameter β so
that the kinetic term is bounded from below at high en-
ergy scales. Note that the first term of K involves M2

Pl

with kinetic term

Specific choices:

2

sity ρ) is dominant in the contracting phase3. Such an
equation of state can be realized by treating the dominant
form of matter as a scalar field with negative exponen-
tial potential. Since the energy density of the dominant
matter then scales with a−q with q � 6, anisotropies be-
come negligible and the BKL instability is avoided [37]4.
In a recent paper [38], a subset of the present authors
introduced a scalar field with an Ekpyrotic potential to
construct a matter bounce scenario which is free from the
BKL instability problem.

The Ekpyrotic scenario in its original formulation [32]
involves a singular bounce. In addition, the curvature
spectrum of ζ is an nS = 3 spectrum rather than a scale-
invariant nS = 1 one [39–42]. Hence, without non-trivial
matching of ζ across the bounce, one cannot obtain a
scale-invariant spectrum at late time5. To solve this
problem, a new and non-singular version of the Ekpyrotic
scenario [46] was proposed in which a second scalar field
is introduced which does not influence the background
dynamics but develops a scale-invariant spectrum which
starts out as an isocurvature mode but which is trans-
ferred to the adiabatic mode during the evolution. The
second field can also be given a “ghost condensate” La-
grangian [47] in which case it mediates a non-singular
bounce. However, as has been pointed out in [48], in
this “New Ekpyrotic” scenario the anisotropies which are
highly suppressed during the contracting phase again
raise their head and lead to a BKL instability.

In our previous work [38], we argued qualitatively that
in the model we considered the anisotropies remained
negligibly small during the bouncing phase. The reason
for the difference compared to what happens in the model
of [46] is that in our model the kinetic condensate which
grows as the bounce is approached does not need to de-
crease again by the time of the bounce point. This leads
to a shorter bounce time scale and to different dynamics.

In this paper we carefully study the development of
anisotropies in the bouncing cosmology with an Ekpy-
rotic phase of contraction introduced in [38]. We work
in the context of a homogeneous but anisotropic Bianchi
cosmology in which the scale factors in each spatial di-
mension evolve independently. We are able to show that
no BKL type instability develops, in agreement with
what the study of [38] indicated. Our work thus shows
that the arguments against non-singular (as opposed to
singular) bouncing cosmologies put forwards in [48] do

3
There are other approaches to address the anisotropy prob-

lem. For example, nonlinear matter terms may smooth out the

anisotropies [33]. Adding quadratic RαβRαβ
terms to the grav-

itational action can also prevent the BKL instability [34].
4

Note, however, that including anisotropic pressures may reintro-

duce instabilities towards anisotropy generation [35].
5

However, the spectrum of the Bardeen potential Φ is scale-

invariant [43], and, as argued in [10] and shown explicitly in some

examples [44, 45], it is this spectrum which may pass through

the bounce, thus yielding a scale-invariant spectrum of curva-

ture fluctuations at late times.

not apply to all non-singular bouncing cosmologies.
The outline of this paper is as follows. In the next sec-

tion we review the bounce model introduced in [38] and
derive the resulting equations of motion for a homoge-
neous but anisotropic universe. In Section 3 we analyt-
ically study the background dynamics in each phase of
the cosmological evolution from the initial matter phase
of contraction through the Ekpyrotic phase to the bounc-
ing phase and the subsequent fast-roll expanding period.
Specifically, we determine the decay or growth rates of
the anisotropy parameter in each phase. In Section 4 we
solve the dynamical system numerically and present our
final results. We close with a general discussion.

A word on notation: We define the reduced Planck
mass by MPl = 1/

�
8πGN where GN is Newton’s gravi-

tational constant. The sign of the metric is taken to be
(+,−,−,−). Note that we take the value of the mean
scale factor at the bounce point to be aB = 1 throughout
the paper.

II. A NONSINGULAR BOUNCE MODEL

We consider a nonsingular bounce model in which the
universe is filled with two matter components, a cosmic
scalar field φ and a generic matter fluid, as proposed in
Ref. [38] (which, in turn, is based on the theory devel-
oped in [49]). The Lagrangian of φ is given by

L [φ (x)] = K(φ, X) + G(φ, X)�φ, (1)

where K and G are functions of φ and its canonical ki-
netic term

X ≡ 1
2
∂µφ∂µφ, (2)

while the other kinetic terms of φ include the operator

�φ ≡ gµν∇µ∇νφ. (3)

Variation of the above scalar field Lagrangian mini-
mally coupled to Einstein gravity leads to the following
corresponding energy momentum tensor

Tφ
µν = (−K + 2XG,φ + G,X∇σX∇σφ)gµν

+(K,X + G,X�φ− 2G,φ)∇µφ∇νφ

−G,X(∇µX∇νφ +∇νX∇µφ), (4)

in which we use the notation that F,φ and F,X denote
derivatives of whatever functional F(φ, X) may be with
respect to φ and X, respectively.

For the model under consideration we choose:

K(φ, X) = M2
Pl

[1− g(φ)]X + βX2 − V (φ), (5)

where we introduce a positive-definite parameter β so
that the kinetic term is bounded from below at high en-
ergy scales. Note that the first term of K involves M2

Pl

3

since in the present paper we adopt the convention that
the scalar field φ is dimensionless.

The function g(φ) is chosen such that a phase of ghost
condensation only occurs during a short time when φ ap-
proaches φ = 0. This requires the dimensionless function
g to be smaller than unity when |φ|� 1 but larger than
unity when φ approaches the origin. To obtain a nonsin-
gular bounce, we must make an explicit choice of g as a
function of φ. We want g to be negligible when |φ| � 1.
In order to obtain a violation of the Null Energy Con-
dition after the termination of the Ekpyrotic contracting
phase, g must become the dominant coefficient in the
quadratic kinetic term when φ approaches 0. Thus, we
suggest its form to be

g(φ) =
2g0

e−
q

2
p φ + ebg

q
2
p φ

, (6)

where g0 is a positive constant defined as the value of g

at the moment when φ = 0, and is required to be larger
than unity, g0 > 1.

We have also introduced a non-trivial potential V for φ.
This potential is chosen such that Ekpyrotic contraction
is possible. It is well known that the homogeneous tra-
jectory of a scalar field can be an attractor solution when
its potential is an exponential function. One example is
inflationary expansion of the universe in a positive-valued
exponential potential, and the other one is the Ekpyrotic
model in which the homogeneous field trajectory for a
negative exponential potential is an attractor in a con-
tracting universe. For a phase of Ekpyrotic contraction,
we take the form of the potential to be

V (φ) = − 2V0

e−
q

2
q φ + ebV

q
2
q φ

, (7)

where V0 is a positive constant with dimension of (mass)4.
Thus the potential is always negative and asymptotically
approaches zero when |φ|� 1. Ignoring the second term
of the denominator, this potential reduces to the form
used in the Ekpyrotic scenario [32]. Both functions g(φ)
and V (φ) are shown on Fig. 1 with the parameters used
in the later parts of this work.

The term G(φ, X) is a Galileon type6 operator which
is consistent with the fact that the Lagrangian contains
higher order derivative terms in φ, but the equation of
motion remains a second order differential equation. Phe-
nomenologically, there are few requirements on the ex-
plicit form of G(φ, X). We introduce this operator since
we expect that it can be used to stabilize the gradi-
ent term of cosmological perturbations, which requires
that the sound speed parameter behaves smoothly and is
positive-definite throughout most of the background evo-
lution. For simplicity, we will choose G to be a simple

6 See [36] for a discussion of Galileon type Lagrangians.

Figure 1: Model functions g(φ) and V (φ) as given by Eqs. (6)
and (7), with background parameters taken as for the follow-
ing evolution figures, namely as in Eqs. (65) and (66).

function of only X:

G(X) = γX, (8)

where γ is a positive-definite number.
We now turn to the study of the cosmology of this

model. In order to characterize a homogeneous but
anisotropic universe, we take the metric to be of the form

ds
2 = dt

2 − a
2(t)
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i

e2θi(t)σiσi
, (9)

where t is cosmic time, σi are linearly independent at
all points in space-time and form a three dimensional
homogeneous space.

In the case of a Ricci flat space, one can consider the
projection σi = dx

i and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functions eθi(t) de-
scribe the correction of anisotropies to the scale factor.
Since the values of scale factors can be re-scaled arbitrar-
ily, one can impose an additional constraint

�

i

θi = 0. (10)

Then, one can immediately define a mean Hubble param-
eter as follows,

H ≡ ȧ

a
, (11)

and the individual Hubble parameters along spatial di-
rections are given by,

Hi ≡
1

aeθi

d
dt

�
aeθi

�
= H + θ̇i, (no sum) (12)
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i and thus the metric is of Bianchi
type-I form. The factor a(t) can be viewed as the mean
scale factor of this universe, and the functions eθi(t) de-
scribe the correction of anisotropies to the scale factor.
Since the values of scale factors can be re-scaled arbitrar-
ily, one can impose an additional constraint

�

i

θi = 0. (10)

Then, one can immediately define a mean Hubble param-
eter as follows,

H ≡ ȧ

a
, (11)

and the individual Hubble parameters along spatial di-
rections are given by,

Hi ≡
1

aeθi

d
dt

�
aeθi

�
= H + θ̇i, (no sum) (12)

+ Fluid

Y. Cai, R. Brandenberger & PP, Class. Quantum Grav. 30 (2013) 075019 [arXiv:1301.4703]

+Bianchi
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5 phases:

Matter contraction

Ekpyrotic contraction

The bounce itself

Fast-roll expansion

Radiation + Matter + ...

Produces scale invariant perturbations

Removes anisotropies

Connects to standard model!!

Leads to expansion

BB cosmology

A.

B.

C.

D.

E.
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D. Battefeld (2013)
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Energy densities
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Energy densities
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Anisotropies can remain small all throughout!!!!
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Summary of bouncing problems D. Battefeld (2013)
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Perturbations:

ASSUME LINEARITY THROUGHOUT
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Summary of bouncing problems D. Battefeld (2013)

ns � 1

4

ns � 1

fNL � 1

4

+ phase initial conditions


