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Motivation

✦ Holography via the AdS/CFT correspondence gives us a map between QFT 
and dynamics of gravity. 

✦ The dictionary between the bulk and boundary observables should be 
tightly constrained by the consistency conditions of relativistic QFT. 

✦ In particular, observables we compute using holography ought to respect 
boundary causality.  

✦ For eg., a pre-requisite for a sensible bulk-boundary map is that bulk 
dynamics respect boundary causality; this is true for sensible matter 
theories in the bulk.



Motivation

✦ No short-cuts through the bulk. 

๏ For bulk matter obeying null energy condition, signals propagating 
through an asymptotically AdS bulk spacetime are time-delayed relative 
to signals propagating through the boundary. 

๏ Fastest propagation between boundary points is along the boundary.

Gao & Wald (2000)

✦ Note that this statement relies on the bulk spacetime being smooth.  

✦ Timelike singularities in the bulk can indeed result in time advance. 

๏ Obvious eg., negative mass AdS-Schwarzschild  

๏ Less obvious: charged scalar solitons with positive boundary energy. 
Gentle & MR (2013)



Motivation
✦ In recent years we have come to appreciate that fundamental quantum 

concepts have a geometric avatar, e.g., entanglement. 

✦ While entanglement is not a true observable in QFT, it nevertheless obeys 
some non-trivial consistency requirements, especially vis a vis causality.

✦ Holographically information about quantum entanglement information is 
encoded in a co-dimension two minimal surface in the bulk spacetime.

Ryu & Takayanagi (2006) Hubeny, MR & Takayanagi (2007)

✦ The static prescription of RT is by now well understood and can be derived by a 
path integral argument and satisfies various consistency conditions. 

!

✦ Restriction to static situations however does not lend itself to analysis of causality 
conditions; one has to therefore test the covariant holographic  prescription of HRT.

Casini, Heurta & Myers (2011) Maldacena & Lewkowycz (2013)



Entanglement in QFT

✦ Consider a QFT in a density matrix, living on a background          which is 
globally hyperbolic with a nice time foliation (Cauchy slices     ). 

✦      is a subregion of the Cauchy slice, with an entangling surface        .

Md

⌃

A @A

A
@A

⌃

Ac

⇢A
reduced density 
matrix

SA = �Tr (⇢A log ⇢A)



Causality and Entanglement

✦ Entanglement entropy in QFT is a wedge observable.

✦ The entanglement entropy can only be influenced by changing conditions 
in the past domain             .
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Covariant Holographic Entanglement Entropy
✦ Given the boundary region      the prescription to compute entanglement 

holographically involves finding a bulk extremal surface        which is 
anchored on        and is homologous to     .

Hubeny, MR & Takayanagi (2007)
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✦ The proposal has passed some basic consistency checks and gives reasonable 
results in many settings, but unlike the static case we don’t yet have a proof. 

✦ Progress has been made in proving various entropy inequalities (strong sub-
additivity), but some details need to be still sorted. 

✦ Overall, much less is known here in comparison to static example, so tests of 
the proposal are desirable. 

✦ Goal for today: demonstrate consistency with causality.



Why causality for HRT?

✦ To appreciate the problem, recall that a-priori causal domains seem not be 
a barrier to extremal surfaces. In dynamical spacetimes (cf., Hubeny’s talk) 
the extremal surface can go behind event and apparent horizons. 

✦ More generally, associated with a region on the boundary, we can define 
an associated bulk causal wedge.

Hubeny, MR & Tonni (2013)

Wall (2012)Hubeny, MR (2012)

✦ Extremal surfaces can be shown to lie 
outside the causal wedge in 
asymptotically AdS spacetimes. 

✦ This is in fact a consequence of the time-
delay result discussed earlier.
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Fig. 3: Sketch to illustrate the fact the causal information surfaces ⌅A and ⌅Ac
for a region A and its

complement A

c
have to lie closer to the respective boundary regions than the common extremal

surface EA = EAc
.

However, for the causal construction there is an asymmetry generically between the causal

wedges of the regions A and A

c.17 The basic point is quite simple and the main idea is sketched in

Fig. 3, set in the more natural context of global AdS. Consider e.g. a static asymptotically global

AdS geometry with a gravitational potential well. By the Gao-Wald theorem [24], within a fixed

time set by the size of ⌃A, the null geodesics which define the causal wedge cannot reach as far

from the AdS boundary as they could in the pure AdS spacetime. But in pure global AdS, the

causal information surfaces for a circular region A and its complement would coincide.18 Hence

for any physical deformation of AdS, the causal information surfaces would shift, ⌅A towards the

boundary where A is located, and ⌅c
A towards the boundary where Ac is located, as indicated in

Fig. 3. Moreover, due to caustics in ⌃A for any other shaped region in d > 2, the corresponding

causal information surfaces would likewise retreat towards the boundary, even for pure AdS,

whenever A is not the round ball. Thus, in general, ⌅A and ⌅c
A di↵er, so there is no reason for

�A and �Ac to be the same.

To see an explicit example, for simplicity in the context of flat boundary, let us again consider

the strip discussed above; but in order to keep both A and its complement finitely extended in at

least one direction, let the x1 direction be compactified, say x1 ⇠ x1 +R. This means we should

consider the boundary theory on Rd�2,1
⇥ S1 and let | i be the corresponding vacuum state.

17 This argument was developed together with Mark van Raamsdonk.
18 The reason is apparent from Fig. 4(a), where the null boundaries of the causal wedge for A corresponding

to half the circle are shown. These are Rindler horizons, and due to the large symmetry Rindler horizons from

any other point would look the same. In particular, to construct causal wedge for any other circular region (i.e.

shorter interval in Fig. 4(a)), we can simply time-translate one of the null planes with respect to the other. But

in pure AdS, the same null plane acts both as the past boundary of A’s causal wedge and as the future boundary

of Ac’s causal wedge, since null geodesics through AdS all reconverge at the same antipodal null-translated point.

Since the two null planes (future and past boundaries of either region’s causal wedge) always intersect on a single

surface; this surface is simultaneously ⌅A and ⌅c
A.

– 16 –



A gedanken experiment
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Eternal BH in AdS = Entangled state in 2 CFTs
Perturb  the two boundaries



A gedanken experiment
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Entangling surface lies in the causal shadow.
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The argument

✦ The extremal surface is by definition a co-dimension two bulk surface 
whose null expansions are vanishing. 

✦ The congruence emanating from this surface will start converging & it  
cannot make it out to the boundary without encountering caustics/
crossover points. 

✦ If the extremal surface lies in the forbidden regions where it can be 
influenced by perturbations in the causal wedge of the region or its 
complement, then the null congruence can make it out to the boundary 
within the domain of dependence           . 

✦ One can in fact show that the congruence from         intersects the    
boundary precisely on           . 
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Entanglement wedges
Natural decomposition of the bulk spacetime in distinct domains.

M = J+(EA) [ J�(EA) [ SA(EA) [ SAc(EA)
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Other observables

✦ It is interesting to ask whether other extremal surfaces that are used to 
compute boundary observables are compatible with QFT causality. 

๏ geodesics: WKB approximation to equal-time correlation functions 

๏ string world-sheet: WKB approximation to Wilson loop vev.

✦ Naively it appears that these extremal surfaces are not constrained by 
causality (they can migrate into causally forbidden regions). 

✦ Suggests that the WKB approximation is breaking down in the bulk 
spacetime. 

✦ WIP to delineate the precise statements for such observables.



Summary

✦ Co-dimension two extremal surfaces appear to be special in asymptotically 
AdS spacetimes. 

✦ Argued that they satisfy the non-trivial causality constraint arising from the 
wedge dependence of entanglement. 

✦ This is not true for other surfaces which have been used to compute 
observables in the WKB approximation.

✦ Other checks of the HRT proposal? 

✦ Geometrization of entanglement and related concepts provide an 
opportunity to use GR intuition to learn about quantum information. 
Further lessons to be learnt here…
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